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Abstract

We consider recurrent neural networks which deal with symbolic formulas, terms, or, gen-
erally speaking, tree-structured data. Approaches like the recursive autoassociative mem-
ory, discrete-time recurrent networks, folding networks, tensor construction, holographic
reduced representations, and recursive reduced descriptions fall into this category. They
share the basic dynamics of how structured data are processed: the approaches recursively
encode symbolic data into a connectionistic representation or decode symbolic data from a
connectionistic representation by means of a simple neural function. In this paper, we give
an overview of the ability of neural networks with these dynamics to encode and decode
tree-structured symbolic data. The correlated tasks, approximating and learning mappings
where the input domain or the output domain may consist of structured symbolic data, are
examined as well.

Keywords: Hybrid systems, recurrent networks, recursive autoassociative mem-
ory, holographic reduced representation, approximation ability, learnability

1 Introduction

An ubiquitous characteristic of real-life data is compositionality and structure: writ-
ten English language is composed of 26 characters and a few additional symbols
which are combined to words and sentences with a specific structure; visual scenes
decompose into single figures which are grouped together, each figure character-
ized by a certain shape, texture, color, edges, etc.; computer programs decompose
into functions, procedures, objects, methods, etc. In all cases, essential informa-
tion lies in the basic primitives as well as their respective role with regard to the
whole structure. The human brain, being a highly efficient biological neural net-
work, obviously processes structured data easily — we can understand and product
speech; we can recognize visual scenes. Moreover, since synthetic data produced
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by humans is often structured — programs, web sites, mathematical formulas, for
example — it is likely that the human brain indeed uses the principles of composi-
tionality and structure for efficient processing.

In contrast, standard artificial neural networks as used in practice are mostly re-
stricted to very simple data: the inputs or outputs, respectively, usually consist of
simple real vectors of a specified finite and fixed dimension. That means, stan-
dard artificial neural networks commonly process and produce only flat and un-
structured data. Since artificial neural networks constitute a universal and efficient
learning mechanism with successful applications in various areas of application,
they could probably add a valuable tool for areas where structured or symbolic data
are involved. For this purpose, a generalization such that structured data can be
processed automatically with neural tools is essential. Moreover, artificial neural
networks have been designed such that they mimic important aspects of biological
neural networks. Hence it is very interesting to understand in which way artificial
neural networks can process and evolve symbolic data so that eventually more in-
sight into biological networks performing these tasks can be gained.

Hence lots of effort has been done in order to extend connectionistic systems with
symbolic aspects. Of course, there exist various possibilities: on the one hand, sym-
bolic aspects allow a further insight into the way in which neural networks process
data. They connect networks to the way in which human experts would formal-
ize their behavior; rule extraction or rule insertion mechanisms enable us to deal
with prior expert knowledge in connectionistic systems or to translate the connec-
tionistic behavior to a behavior understandable by experts, respectively [7,46,47].
Furthermore, subsymbolic processing on its own is faced to severe limitations for
modeling complex behavior; commonly the success of standard neural networks
depends crucially on the way of how data are presented in practical applications.
Raw data are to be preprocessed and appropriate feature extraction mechanisms are
to be added for example in image classification, time series prediction, or language
processing [4,24,28]. Hence standard connectionistic applications usually contain
some prior knowledge or preprocessing in order to be successful. For short: sym-
bolic methods and the integration of structured data enable the understanding of
network behavior and they may speedup and boost neural network training consid-
erably.

On the other hand, connectionistic systems provide a very simple, efficient, and
problem-independent way of learning an unknown behavior from a finite set of ex-
amples and hence they could add a valuable learning tool to symbolic domains.
Concerning the standard scenario with real vectors, theoretical results ensure that
neural networks can represent (almost) any unknown behavior with an adequate
neural architecture; they are universal approximators as shown in [19] as an exam-
ple. Furthermore, the unknown behavior can be learned from a finite set of exam-
ples. The necessary size of the training set depends on the network architecture and
the required accuracy; the theoretical background is provided by so-called statisti-



cal learning theory [1,2,49]. Assumed connectionistic methods and the respective
theoretical guarantees could be established for symbolic domains, too, they could
speedup symbolic processing of data and they could model behavior for which a
precise logical description is hard to obtain. Moreover, the structure which is pro-
vided by the symbolic data may allow to interpret the behavior of the network. In
addition, data may propose an adequate representation of the knowledge learned by
the network [29,45]. As a consequence, neural methods could add an efficient and
automatic learning tool to classical symbolic methods.

In the following, we consider neural networks with structured input or output do-
main, i.e. neural networks that learn mappings on symbolic data in order to speedup
and accompany symbolic data processing. Problems occur in this context since
standard data for neural networks are real vectors of a fixed and finite dimension.
We are interested in structured data such as terms and symbolic formulas of a pri-
ori unlimited length. Unlike fixed dimensional vectors, the size of these complex
data and their informational content are not limited a priori. Moreover, not only the
data’s primitives like the variables and operators in a logical formula carry impor-
tant information but their respective relation is important, too. The standard way of
further processing with neural methods is as follows: a finite set of real-valued fea-
tures is extracted which constitutes an adequate representation of symbolic objects
in a finite dimensional vector space. Of course, this approach requires problem-
dependent knowledge and it is limited in principle because finite dimensional vec-
tors carry only an a priori limited amount of information. An alternative possibility
is as follows: the network structure could be changed so that symbolic data can be
processed directly. Then the a priori unlimited size of structured data is mapped to
a priori unlimited processing time of the networks with an appropriate dynamics.
We will focus on this latter possibility.

Naturally, various different dynamics have been proposed for this purpose. Com-
plex neural systems like LISA, SHRUTI, or INFERNET allow complex analogical
reasoning and symbol processing [20,37,42]. They are based on a specific network
topology as well as appropriate dynamical behavior such as synchronous oscilla-
tion of the neurons in order to encode complex structures. Alternatively, one can
use the fine temporal structure for adequate representation of symbols as in net-
works of spiking neurons [25] or complex dynamical behavior for data processing
in recurrent networks like the competitive layer model [50]. All these approaches
constitute particular solutions to parts of the general so-called binding problem, i.e.
the problem of how complex structured data are represented in biological neural
networks such that rapid and faithful processing is possible [27,33].

However, we will not consider this interesting problem and solutions in general but
focus on one particular possibility to process structured data with neural networks:
symbolic data can be incorporated into connectionistic systems through recurrent
dynamics. Since classical symbolic data like terms and logical formulas can be
represented by a tree structure in a natural way, a canonic method is induced by



the standard recursive definition of trees. Recursive connections are added accord-
ing to the recursive structure of trees. These connections enable us to deal with a
priori unlimited complexity, i.e. unlimited height of the trees. The dynamical be-
havior of the network directly mirrors the dynamical structure of the data. The
whole networks commonly decompose into three parts: a recursive neural encod-
ing part where structured data are encoded into a connectionistic representation, a
standard feedforward network used for processing, and a recursive neural decoding
part where structured data are decoded from connectionistic representations.

This approach has several advantages: several concrete implementations of this idea
and concrete learning algorithms have been proposed in the literature. In particu-
lar, successful real-life applications exist. Various realizations are for example the
recursive autoassociative memory (RAAM) [32] and labeled RAAM (LRAAM)
[44], holographic reduced representations (HRR) [31], and recurrent and folding
networks [12]. The approaches differ in the method in which they are trained and
in their areas of application. The basic recurrent dynamics are the same for all ap-
proaches: the possibility to deal with symbolic data relies on some either fixed or
trainable recursive encoding and decoding of data. Some of the above mentioned
methods show a surprisingly good performance in different areas of application
such as time series prediction, automated theorem proving, picture processing, drug
design, etc. [13,14,34,35]. They are often used for tasks which cannot be solved
with standard feedforward networks in a natural way due to the complex data struc-
tures.

A second advantage consists in the fact that the approach is very natural and con-
stitutes a generalization of well established recurrent networks unlike other specific
solutions to the binding problem. Hence lots of standard methods and arguments
from feedforward and recurrent networks can be transferred to this new scenario.
In particular, it is possible to establish a general theory which will be the main
topic of this article. Two key properties of feedforward networks are their univer-
sal approximation ability and their information theoretical learnability [1,19,49].
The same properties can be established for recurrent networks processing symbolic
data. That means, the proposed mechanisms fulfill some kind of universal approx-
imation ability and, furthermore, they yield valid generalization for an appropriate
training set size. We will present an overview about the main results on these two
topics in this article. Altogether, the results establish these type recurrent networks
as a valuable and well-founded method for processing symbolic data with neural
methods.

We first define the dynamics in a mathematically precise way in section 2. It is
shown how the specific approaches from the literature fit into the general frame-
work. Afterwards, we consider the capability of coding and the closely related ap-
proximation capability. The main results are as follows: encoding is possible with
very small networks. Decoding requires an a priori unlimited amount of resources.
As a consequence it can be shown that mappings with symbolic input domain or



output domain can be approximated in an appropriate sense. Finally, we deal with
the learnability of the network architecture. Since the techniques are based on in-
volved methods from so-called statistical learning theory, we shortly explain the
necessary background in a somewhat informal manner and point out the conse-
quences for the scenario in which we are interested: it is possible to derive explicit
bounds on the number of examples which guarantee valid generalization of learning
algorithms for recursive mappings. Compared to standard feedforward networks,
these bounds necessarily depend on the data which is used for training. This fact is
due to the complex data structures which are involved in this scenario.

2 Network dynamics

First, the basic recurrent dynamics which enable standard networks to deal with
symbolic inputs and outputs, respectively, are defined. Note that terms and logical
formulas possess a natural representation via a tree structure: the single symbols,
i.e. the variables, constants, function symbols, predicates, and logical symbols are
encoded as unique values in some real vector space; these values correspond to the
labels of the nodes in a tree. The tree structure directly corresponds to the structure
of the term or formula; i.e., subterms of a single term correspond to subtrees of a
node. The node itself is equipped with the label which encodes the function symbol.
As an example, the term f(g(a), f(a, a)) would be represented by the tree

(1,0,0)
/ AN
0,1,0) 1,0,0
( | /( )\
(0.0.1) (0.0.1) (0.0.1)

where (1,0, 0) encodes the symbol f, (0,1, 0) encodes the symbol g, and (0,0, 1)
encodes the symbol a. In a similar way, logical formulas can be represented by tree
structures where the logical connectives are encoded in the nodes.

In the following, we restrict the maximum arity of functions and predicates to some
fixed value £ which is known a priori. Therefore, data in which we are interested are
trees where each node has at most k£ successors. We go a step further and assume
that every node except for the empty tree has precisely k£ successors. Note that this
is no restriction since we can simply expand nodes with less than k& successors by
empty trees without changing the information with respect to the symbolic term
represented by the tree. Moreover, we assume that the alphabet the labels are taken
from is the same for every node. This need not be the case if we are representing
Boolean formulas with more than one domain for the variables, for example. How-
ever, we can use the union of all possible domains as a universal domain for the
nodes. Again, we do not loose information. Therefore we will not consider terms
or logical formulas but we will deal with tree structures with fixed fan-out £ and
node labels from a fixed real vector space in the following.



Definition 1 A k-tree with labels in some set Y is either the empty tree which we
denote by L, or it consists of a root labeled with some a € X and k subtrees, some of
which may be empty, ty, ..., ty. In the latter case we denote the tree by a(t1, . . ., tg).
We denote the set of k-trees with labels in ¥ by (X)%, and the restriction to k-trees
of height at most t by (X)5".

The recursive nature of trees induces a natural dynamics for recursively encoding
or decoding trees. More precisely, we can define for each mapping with appropriate
arity an induced encoding or decoding, respectively, which consists in recursively
applying the mapping to the single parts of a tree. A precise definition reads as
follows:

Definition 2 Denote by ¥ a set. Any mapping f : ¥ x (R™)* and initial context
y € R™ induce a recursive encoding

Y ift=_1
f((l,, f;ﬂc(tl), ceey f;m(tk)) ift= a(tl, ‘e ,tk)

£ Xy - Rt

Any mapping g = (9o, 91,---,9%) : R* — X x (R™)* and set Y C R™ induce a
recursive decoding

\ 1 ifzreY
gy R = X0 o

90(7)(9%(91(2)), - - -, g% (g(x))) otherwise.

Hence the encoding recursively applies a mapping in order to obtain a code for
a tree in a real vector space. One starts at the leaves and recursively encodes the
single subtrees at each level using the already computed codes of the respective
subtrees as context. The recursive decoding is defined in a similar manner: the re-
cursive application of some decoding function to a real vector yields the label of
the root and codes for the k subtrees. Note that the mapping g5 might be only
partial if the set Y is not reached during decoding. See Fig. 1 for an example of
recursive encoding and decoding. Hence a simple mapping together with the re-
cursive dynamics induced by the data structures provide an encoding or decoding,
respectively. In the connectionistic setting, the two mappings used for encoding or
decoding, respectively, can be computed by standard feedforward neural networks.
For convenience, we provide a formal definition for feedforward networks:

Definition 3 A standard feedforward neural network consists of a set of neurons
{1,...,N} C N and a connection structure — so that i — j only if i < j. The
neurons without predecessor 1, ..., n are called input neurons, the neurons without
successor i, . . ., 1%, are called output neurons, the remaining neurons are hidden
neurons. Each connection © — j is equipped with a weight w;; € R and each
neuron i is equipped with a bias 6; € R and an activation function f; : R — R
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Fig. 1. Example for the recursive coding: applying an encoding mapping recursively to the
subtrees yields a code for the tree in a real vector space. Applying a decoding mapping
recursively to a real value yields the labels of the encoded tree.

Such a network computes a function f : R* — R°, x — (04, -.,0;,) where the
activation o; is recursively defined as

Z; ifi <n
0; =
fi(X;i wjio; + 0;)  otherwise.

Often, the network graph has a multilayered structure; i.e., there exists a division
of the neurons into sets Ny, ..., Ny so that i1 — j iff i € Nyand j € N1 for some
l. This is called a multilayer network with h — 1 hidden layers.

A network architecture determines only the network graph without specifying the
precise weights and biases. In a natural way, a network architecture stands for the
set of functions which can be computed by a network of the specified architecture.

A typical multilayer feedforward network is depicted in Fig. 2. The circles stand for
the single neurons. Note that each single neuron computes a very simple function: it
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Fig. 2. A typical multilayer feedforward network

computes the weighted sum of the outputs of its predecessors; afterwards, it applies
some activation function to this value. Popular choices for the activation function
are the identity id(z) = =, the Heaviside function H(z) = 0, if z < 0, H(z) = 1,
if x > 0, the standard logistic activation function sgd(z) = 1/(1 4+ e ®), or some
general squashing function, i.e. a monotonic function ¢ which approaches 0 for
small inputs and 1 for large inputs. Complex behavior arises in a network from the
connection of the neurons. A connectionistic system dealing with structured data
is obtained if we define the encoding or decoding function in Def. 2 via a neural
network. We obtain networks with tree-structured inputs or outputs, respectively,
in this way which encode symbolic data into a connectionistic representation or
decode symbolic data from a connectionistic representation, respectively.

Definition 4 An encoding network computes a function f;* where f is computed
dec

by a feedforward network. A decoding network computes a function gy° where g is
computed by a feedforward network.

In applications, data are to be processed further in an adequate way. We would like
to learn some specific behavior rather than an encoding or decoding, only. How-
ever, note that the above encoding enables us to deal with real vectors of a finite
dimension instead of symbolic data. Therefore we can apply standard connectionis-
tic techniques to the encoded data. That means, we can combine neural encoding or
decoding with a standard feedforward network in order to model complex behavior
on symbolic data. Mathematically speaking, assumed we somehow manage to find
mappings f and g so that f;* and gy* constitute proper encoding and decoding, re-
spectively, then we can compose those mappings with a standard network h. ho f
yields mappings with structured inputs, ¢g5° o h yields mappings with structured
outputs.

Now the question arises of how can we find appropriate encoding or decoding net-
works? There exist several possibilities in the literature. As an example, assume we



would like to learn a mapping which maps Boolean formulas without variables to
their logical values. Assume the example (1 A 1) +— 1 is available, 1 denoting the
value TRUE. Since we deal with trees, we first encode the input as a tree structure,
say 2(1,1), the root label 2 encoding the connective A. To be precise, we had to
denote the tree by 2(1(L, L), 1(L, L)). However, we will drop the empty node L
in the following. Hence our training set consists of the pattern 2(1,1) — 1. Of
course, we would need more examples for proper training in practice. However,
this single example will do for demonstration purposes. We would like to find an
encoding network f so that f;"(2(1,1)) is a proper connectionistic representation
of the tree; in addition we would like to find a feedforward network A which maps
this encoded value to the desired output 1.

Various different methods for training have been proposed in the literature. An
abstract description of the general recursive dynamics which we defined in a math-
ematically precise way in Def. 2 can be found in [32]; however, the focus of this
so-called recursive reduced descriptions lies on the properties of the dynamics and
no concrete implementation is suggested. The tensor construction (T) proposed by
Smolensky in [40] provides a concrete implementation for the encoding and decod-
ing. These are fixed mappings f and g, respectively, based on the tensor product of
two vectors. Smolensky decomposes the problem of encoding structures into three
subproblems: decomposing the structure via roles, e.g. the label and left and right
subtree of a binary tree; implementing a superposition of the several roles, this is
realized via direct sums and embedding in a vector space of appropriate dimen-
sion in Smolensky’s tensor algebra; and implementing role/filler bindings, this is
performed via the tensor product of specific vectors for the roles and the vector
which represents the distributed representation of the filler. Altogether, a faithful
encoding of structured data can be obtained. However, it is not necessary to know
how exactly the tensor product looks like at this point. The property which is of
interest for us is as follows: the mappings induced by f and g are proper encodings
or decodings, respectively, that means they allow to encode and restore all data,
i.e. all possible trees, perfectly. Hence we can simply use these encodings, encode
the above input tree 2(1, 1), and train a standard feedforward network with conven-
tional methods so that it outputs 1 for the connectionistic representation of the tree.
However, Smolensky’s tensor algebra has a significant drawback: the dimension-
ality of the connectionistic representation for the data increases in this encoding
and decoding using tensor constructions. More precisely, the tensor product of two
vectors of dimension n and m, respectively, has the dimension 7 - m. Hence dimen-
sionality increases very rapidly for nested structures. Therefore, the applicability of
this approach is severely limited.

Holographic reduced representation which has been proposed by Plate in [31]
uses ideas from the tensor construction. It proposes a fixed encoding and decod-
ing, too. Again, the encoding problem decomposes into three subtasks: identi-
fication of the several roles; superposition of the various roles, which is imple-
mented via the direct sum of their representations; and implementation of role/filler



bindings. The latter is implemented with so-called circular convolution or cor-
relation, respectively. It has the advantage that this method does not suffer from
the problem of increasing dimensionality. More precisely, the circular convolution
of two n-dimensional vectors z = (xg,...,Zn_1) and y = (yo,...,Yn_1) is the
vector £ ® y = (X155 zj-)j=; and their correlation is the vector z © y =
Ovary xiyﬁi)]”-:—(} where indices are taken modulo n in both cases. For vectors
x and y it holds that ¢ ® ¢z ® y ~ y plus some noise. If the coefficients of
x and y are independently and normally distributed then the additional noise in
the latter equality can be estimated. It turns out that circular correlation is an ap-
proximate inverse of circular convolution. Hence the encoding can have the form
fra(ty,ta) = r1 @ a+re®ty + r3 @ ta, r; representing the respective roles, and
decoding can be computed through g : x — (clean-up(r; ® x),r9 © x,7r3 © ).
The mapping ‘clean-up’ is usually an associative memory which compares the la-
bel which is slightly corrupted by noise to all possible labels in order to suppress
the noise. The properties which are of interest for us are as follows: the encoding
f and decoding g proposed by HRR are with high probability proper encodings
for general trees. That means, one can encode and almost perfectly restore all data
with these mappings f and g. More precisely, the output will be subject to some
noise which arises from the encoding and decoding procedure. Usually, the noise is
small enough so that the correct labels of the tree can be recovered if the height of
the encoded tree is sufficiently small and some clean-up mechanism as mentioned
above is added to the process. Hence we can use HRR as long as we do not have to
deal with highly structured data. It allows us to find a proper connectionistic rep-
resentation which can be used for further processing with standard networks. Note
that there exist efficient ways to compute convolution and correlation using Fast
Fourier transforms as pointed out in [31]. Moreover, one can prevent total corrup-
tion by noise for highly nested structures through so-called chunking, i.e. storing
parts of the structure using pointers and additional memory.

The labeled recursive autoassociative memory [32,44] or LRAAM chooses neu-
ral networks for encoding and decoding, which have to be trained properly. The
training procedure is very intuitive: the two networks are combined and trained so
that the composition yields the identity on the given training patterns. That means,
gy° o fy* = id should hold on the given training data; in our case this reads as
gv°(f(2(1,1))) ~ 2(1,1). Usually, this can be done via minimizing an appropri-
ate error function, for example the quadratic distance between the desired and the
real outputs of the mapping gy o f;*. Minimization can be performed with some
standard minimization procedure such as a gradient descent. [32,44] use a so-called
truncated gradient descent method which leads to formulas which are similar to the
backpropagation (BP) procedure for feedforward network training. Details can be
found in [32,44]. Assumed the above equality could be satisfied then the networks
would perform proper encoding and decoding on our training data. Since neural
networks generalize to unseen data, data which are similar to the training examples
could be properly encoded and decoded, too. Afterwards, we could use the connec-
tionistic representations for training standard feedforward networks on the specific
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tasks. Note that the coding is adapted to our training data in this case. Hence small
networks will be sufficient if our data are simple. We need larger networks for en-
coding complex data. Due to the training, the encoding focuses on regions of our
data in which we are interested.

Folding architectures (FA) [12,43] or recursive networks combine an encoding
part with a standard feedforward network directly. Ie., they compute functions
ho fr: (R)* — R°, where h and f are given by standard feedforward net-
works. Hence they consider mappings with structured input domain; they do not
consider symbolic outputs. How can we find a proper encoding in this situation?
Given our training data, we know the desired output of certain values. In our case
the equality h(f;*(2(1,1))) ~ 1 should hold. One can define an appropriate error
measure, e.g. the quadratic distance of the desired and the real outputs of the map-
ping h o f;* which should be minimal. Again, this can be minimized with standard
methods such as a gradient descent. [35] proposes a method called backpropagation
through structure (BPTS) which constitutes a very efficient way of computing the
gradients. Details can be found in this reference. Note, that the encoding part and
the feedforward network are trained simultaneously. This yields an encoding which
is not universal, i.e. it will not work for arbitrary input trees. Certain trees, which
are to be mapped to similar values with h, may have similar or the same encoding
under f;*. This means that the encoding is fitted to the specific data and it is fitted
to the specific learning problem [14]. Parts which are not relevant for  may be
dropped in the encoded representations.

Table 1 summarizes the properties of the approaches we have mentioned. Note that
recurrent neural network [14], which are widely used for times-series prediction,
speech processing, forecasting, efc., constitute a special case of folding networks.

T HRR LRAAM FA

encoding fixed fixed data-adapted  data-adapted
task-adapted

dimension increasing fixed fixed fixed
training fye gy fixed  fye, gy fixed gy o fy: BP ho fi: BPTS
h: BP h: BP h: BP
structured input yes yes yes yes
structured output yes yes yes no
Table 1

Properties of various approaches which obey the proposed dynamics, the methods differ in
the way in which the single network parts are trained. The models are: T = tensor construc-
tion, HRR = holographic reduced representations, LRAAM = labeled recursive associative
memory, FA = folding architecture; the training algorithms refer to: BP = backpropaga-
tion, BPTS = backpropagation through structure.
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Recurrent networks deal with time series or sequences, i.e. input trees with fan-out
1. They compute a function of the form o f7 : (R™); — R°. They are commonly
trained with a gradient descent method such as backpropagation through time and
variants assumed the sequences are given a priori, or real time recurrent learning
for on-line learning in robotics, for example [14,51].

These approaches provide concrete tools for processing structured data with neural
networks. We believe that a thorough theoretical investigation is mandatory in or-
der to establish these methods. Several points are worth considering: each method
comes with a specific training method which complexity determines our training
time. We will not consider this point in the following, although it is a very inter-
esting topic. Actually, there are correlated questions which are not yet solved for
standard feedforward networks or recurrent networks and, certainly, the investiga-
tion in our situation will not become easier: several results show the NP-hardness
of neural network training, see e.g. [8,9,17,39] and references therein. Addition-
ally, training recurrent networks suffers from numerical problems as discussed e.g.
in [3]. Recent approaches identify specific situations for recurrent or folding net-
works where training is easy due to the lack of local minima [11]. However, since
the complexity of training is not yet understood for standard feedforward and recur-
rent networks, we will not tackle this question in the context of structure processing
networks in the following.

Two other questions are of particular interest: are the approaches universal approx-
imators, i.e. can they represent everything they are intended to represent? Is valid
generalization guaranteed, i.e. can the methods learn everything from a finite set of
examples they are intended to learn? These questions can be answered in a slightly
different way for the various approaches. Assumed the encoding and decoding is
fixed as in T and HRR, it is to be shown that precisely the proposed encoding and
decoding are proper codings. Since this question is specific for the respective ap-
proach we refer to the respective specific literature [31,40]. Assumed the encoding
and decoding are trainable as in LRAAM and FA, it is to be shown that networks
can perform proper encoding with sufficient resources. We will deal with this ques-
tion in Section 4. Assumed the encoding and decoding is fixed then every learning
task is a standard learning task for standard feedforward networks on the connec-
tionistic representation of the data. Hence we can simply refer to the respective
investigation for standard feedforward networks. Assumed encoding or decoding
can be trained then we have to provide guarantees for proper generalization. We
will consider this topic in Section 5.

3 Capacity of the architecture

Having investigated the dynamics, we introduce a quantity which is useful in var-
ious different mathematical considerations. Formally speaking, we have defined
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function classes in Def. 2 capable of dealing with symbolic inputs or outputs, re-
spectively: the class of functions of the form h o f;* where f and h are neural
networks with at most, say, 42 neurons, as an example. Now it is interesting to see
how these function classes look like. An interesting quantity is the richness or ca-
pacity of the class, for example. How could it be measured? There exists a very
useful quantity, the so-called Vapnik-Chervonenkis dimension or VC dimension,
for short, for this purpose [1,41,49]. Informally speaking, the VC dimension is the
largest number of points so that every possible binary function on these points is
contained in the function class or in its restriction to these points, respectively. Le.
restricted to these points, every possible binary function can be implemented with
the function class and hence the class possesses the maximum capacity with respect
to these points.

Definition 5 The VC dimension VC(F) of a function class F mapping from some
set X into binary values {0, 1} is the largest cardinality (possibly infinite) of a set
of points which can be shattered. A set of points is shattered if for every binary
valued function d on the points a function f from the class exists which coincides
with d on these points.

Note that VC(F) is defined for binary-valued function classes only. For real-valued
function classes we will identify outputs larger than 0 with 1 and negative outputs
with 0 and refer to this associated binary valued class. We will use the same nota-
tion, for convenience. Note that the VC dimension is not defined if we deal with
tree-structured outputs.

What is the benefit of this definition? As already said, the VC dimension measures
the maximum number of points with maximum richness of the function class. This
number enables us to estimate the overall richness of the function class: so-called
Sauer’s Lemma (see e.g. [49]) tells us that the number of functions which can be
implemented on an arbitrary number of points (say m) can be estimated as a poly-
nomial in m of degree given by the VC dimension. As a consequence an estimation
of the overall capacity for arbitrary points is possible based on the VC dimension.

In particular, the VC dimension is a key quantity in statistical learning theory which
is due to the following reason: statistical learning theory considers the question of
proper generalization. Assumed we would like to learn an unknown function from
a specific function class based on a finite set of examples; then we would like
to have guarantees that we indeed found the desired function or some function
which is similar. Obviously, this is possible if and only if the finite number of
examples provides enough information in order to determine the desired function
almost uniquely in the class. Assumed we search for a function in a small class; a
small number of examples will be sufficient to distinguish the desired function from
the remaining class members. Assumed we search in a very rich class. Then we will
need a huge example set in order to determine what we are searching for. Since the
capacity of the function class can be measured in terms of the VC dimension, the
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number of examples which are required for valid generalization is related to the VC
dimension of the function class, too.

Luckily, upper and lower bounds on the VC dimension for recurrent or folding ar-
chitectures can be found in the literature or they can be derived from the arguments
given therein, respectively [10,17,23]. Denote by F the function class in which we
are interested. We assume that it is given by a recurrent or folding architecture with
N neurons and W weights. Denote by o € {H, id, sgd, g}, g being some piecewise
polynomial function of degree at least 2, the activation function of the neurons, k
the fan-out of the input trees, and ¢ the maximum height of input trees. Then one
can obtain bounds of the form

p(W,N,Int) ifc=id, ork=1,0=H,
VC(F|(R™);") << po(W,N,t)  ifk>20=Hork=1,0 € {sgd, g},
p3(W,N,2')  otherwise

for some polynomials py, pa, p3. Here, F| (]Rm),? denotes the function class re-
stricted to input trees of fan-out £ with height at most ¢ and labels in R™. The above
activation functions cover most activation functions which are used in practical ap-
plications. Note that different activation functions or fan-out k lead to differences in
the bounds with respect to the order of ¢. This is due to the various situations which
arise: if the perceptron activation H is used, recurrent networks constitute finite au-
tomata or tree automata, respectively, since the number of interior states is limited.
If the identity is used, linear recursive filters arise. For the logistic function the
capacity of both scenarios can be combined since the logistic function contains a
linear part at the origin as well as saturated parts if the inputs approach +o00. More-
over, a fan-out £ > 2 allows branching, i.e. an exponential increase of the number
of input labels with respect to the height ¢ compared to £ = 1, i.e. sequences. Lower
bounds in the respective cases are

W,lnt) ifo=id, ork=1,0 = H,
ve(r(rm) > PO

ps(W, 1) otherwise

for other polynomials p, and p5 of degree at least one. Note that the lower bounds
depend on ¢, i.e. the maximum input height, in the above cases and hence yield an
infinite VC dimension for arbitrary inputs, i.e. inputs of arbitrary height. We will
use these bounds in order to obtain bounds on various resources and the general-
ization ability later on.
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4 Approximation ability

We are interested in the representation capability of encoding and decoding net-
works. It is possible to focus on various aspects: one can consider the question as
to whether proper encoding and decoding can be performed. Alternatively, pos-
sibilities to approximate mappings where either the inputs or the outputs may be
symbolic data can be examined. Of course, the second question is related to the
first one: assumed we could manage proper encoding and decoding then a combi-
nation of the encoding and decoding with a standard feedforward network could
approximate any complex mapping. This is due to the fact that standard feedfor-
ward networks are universal approximators and the problem is an approximation
task for feedforward networks on the connectionistic representations after encod-

ing.

Actually, a couple of results concerning the approximation capabilities exist in the
literature. Since the approaches [17,18] mainly focus on the capability of approx-
imating functions, the consequences concerning the encoding and decoding capa-
bilities are often hidden in the proofs. We will explain the main ideas of encoding
and decoding possibilities and summarize the consequences for the approximation
ability. Proofs which are not yet contained in the literature can be found in the
appendix.

It turns out that two relevant situations of different complexity can be identified.
Data may come from a symbolic domain, i.e. the labels of the trees come from a
finite alphabet, say 3 = {1, ..., B}. These values enumerate the symbols for con-
stants, functions, etc. Assumed we are interested in Boolean formulas without vari-
ables, X could enumerate the two possible truth values and all logical connectives.
We refer to data from (X)}, ¥ being a finite alphabet, as purely symbolic or discrete
data. Alternatively, the labels may consist of real vectors. One possible example
are logical formulas with truth values from the interval [0, 1] as in fuzzy logic. A
formula could have the form (0.5 A 0.8) as an example with overall truth value in
[0, 1] depending on the interpretation of A. Trees representing such formulas would
be contained in (R)j. Labels in [0, 1] correspond to truth values, operators like A,
V, etc. can be encoded using numbers 2, 3, efc., for example. In general, data could
be contained in (R, );. We refer to these kind data as hybrid or real-valued data.

How can those type trees be encoded in a finite dimensional real vector space?
A major problem consists in the fact that the height of the trees may be a priori
unlimited, hence an arbitrary amount of information may be stored in a tree. We
can take this into account using either an a priori unlimited dimensionality of the
real vector space. Alternatively, we can use unlimited precision of the computation
and somehow store the information in the digits of real numbers. It is obvious that
the capacity of each finite dimensional vector space with finite values, i.e. values
computed up to a limited precision, is restricted. Therefore, computer simulation
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can only approximate the situation with unlimited information, of course.

A canonic and ‘flat’ representation of trees is their prefix representation: the tree
1(2, 2) would be represented by the sequence

[1,2,1,1,2,1,1],
the tree 0.5(1(2), 0.3(0.2,0.2)) would be represented by the sequence
0.5,1,2,1,1,1.0.3,02,L,1,0.2,L, 1]

Both representations include the empty tree L. This representation is unique as-
sumed the fan-out £ is fixed, in our case 2, i.e. we enlarge the trees by the empty
tree L at appropriate places. Can these prefix representations be embedded into a fi-
nite dimensional vector space? There are mainly two possibilities: we can write the
single elements of the sequence into the coefficients of one vector. The dimension
of this vector is a priori unlimited according to the unlimited height of the trees.
However, assumed we limited the height, a vector space of a fixed, possibly huge
dimension would be sufficient:

(0.5,1,2, L,1,1,0.3,0.2, L,1,0.2, 1,1,0,0,...,0)

would encode the latter tree. We refer to this encoding as vector encoding. Alter-
natively, we can write the elements in the digits of one real number provided the
elements come from a finite alphabet. This latter condition is necessary in order
to ensure that each element requires only a finite number of digits. Assumed the
above tree contains labels in {0,0.1,. .., 2}, 0 representing the empty tree, then an
alternative representation would be the number

0.05102000000003020000020000

where each label occupies two digits in the representation. We refer to this encoding
as real-value encoding. Obviously, the same method could not be applied to hybrid
data, i.e. real-valued labels with infinite precision.

Can these encodings or an approximation thereof be computed with encoding and
decoding networks, respectively, and what are the required resources? Yes, they
can be computed and the resources depend on the respective situation. The tech-
nical details behind the proofs are only of minor interest. The main ideas are the
following: standard networks can approximately compute standard operations like
a linear map, multiplication, truncation, Boolean operations, efc. This is due to the
fact that linear maps are given for free — each neuron first computes a weighted sum
of the predecessor’s outputs. It is well known that truncation and Boolean opera-
tion can be computed with combinations of Heaviside functions. Common network
activation functions are squashing functions, i.e. they approximate the Heaviside
function if restricted to an appropriate input domain. Appropriate scaling of the
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inputs, i.e. appropriate linear mappings allow us to do so. Moreover, arbitrary poly-
nomials, in particular linear functions and multiplication, can be approximated with
standard activation functions like the logistic function as well. This is due to the fact
that the Taylor expansion is an infinite sum of monomials of all possible degrees.
An appropriate scaling and linear combination allows us to focus on the required
degree. Details can be found in [17], for example.

We recall the main results concerning the possibility of encoding which are implic-
itly contained in [17]. The dimensionality of the vector space which contains the
connectionistic representations is of particular interest. We refer to this dimension
as encoding dimension. For convenience, we assume that the activation function is
the standard logistic function or a similar function.

Theorem 6 There exist encoding networks [ for the following tasks:

e Every finite set of purely symbolic data in (X)} can be encoded with encoding
dimension 2 in a real-value encoding. The number of neurons depends on the
fan-out k, only.

e Every finite set of hybrid data in (R™ )}, can be encoded with encoding dimension
2 in a real-value encoding. The number of neurons depends on the fan-out k
and the maximum height of the trees or, alternatively, the number of trees to be
encoded.

e Every set of hybrid data with limited height t in (R™)s" can be encoded with
encoding dimension which is exponential int. The encoding is a vector encoding.
The number of neurons is exponential in t.

It is not possible in principle to encode hybrid data of unlimited height in a real-
value encoding or vector encoding if the activation function of f;* is continuous.

Hence encoding is possible and requires only a very small amount of resources for
purely symbolic data. For binary trees, for example, 11 neurons with the logistic
activation function are sufficient [17]. The latter limitation in the theorem arises
from the well-known mathematical fact that a real vector space cannot faithfully
be embedded in a vector space of smaller dimension with a continuous function.
However, we had to do so in order to represent all labels of a tree of unlimited
height properly.

The capability of encoding yields to immediate results concerning the possibility
to approximate mappings with structured inputs. In fact, the above encoding results
are hidden in the approximation results from [17] which read as follows:

Theorem 7 Assume F : (R™); — R is a (measurable) function. Assume an accu-
racy € > 0, confidence § > 0, height t, and probability measure P on (R™); are
chosen. Then there exists an encoding network f;* and a feedforward network h
with the following properties:
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e ho f; approximates F up to inputs of small probability:

Pz | |h(fy"(x)) = F(z)| > €) <4,

Y

i.e. the probability of trees where the network’s output h(f;*(x)) differs more
than € from the desired output F(z) is smaller than 6. The encoding dimension
is two. If data are purely symbolic, the number of neurons of f can be restricted
with respect to k. Assumed the number of inputs x was finite, say p, an order of
p + k neurons would be sufficient for purely symbolic data and an order of p?
neurons would be sufficient for real-valued data.
e Assumed F is continuous, h o f; approximates F' on compact inputs of height
atmost t, i.e.
[h(fy"(x)) = F(z)] < e
for all inputs x of height at most t with labels from a compact set. The encoding
dimension is two for purely symbolic data and exponential in t for real-valued
data. Less neurons will not do in general.
e Assumed the inputs come from ({1})% (i.e. unary sequences) then
|h(fy"(x)) = F(z)] < €
for all inputs x. It is not possible to approximate every mapping on symbolic
inputs of unlimited height with labels from a binary alphabet.

We do not want to explain the term measurability at this point. Which is of inter-
est for us is the fact that measurability is a very weak condition. Every mapping
which occurs in practice is measurable. Hence universal approximation is possible.
Explicit bounds on the resources exist if a finite set of data is dealt with. Again, the
bounds are particularly well behaved for purely symbolic data. Approximation for
arbitrary height is not possible in general.

Actually, this latter topic touches on computability issues due to the following rea-
son: assumed we dealt with linear trees, i.e. sequences. Assumed the length of the
sequences would be unlimited. Assume the network behavior would be important
after each time step, no matter the length of the sequence. Then one can consider
the network as a classical computing mechanism like a Turing machine and the en-
tries of the sequence as input. Actually, there exists a couple of approaches which
relate recurrent networks to classical mechanisms like finite automata or Turing
machines. It has been shown in the literature that Turing machines can be simu-
lated with networks with various activation functions [21,22,38]. In addition, direct
simulations of automata are possible which even show some robustness to noise
[6,26,30]. A generalization of some of the latter approaches to folding networks
can be found in [5]: one can relate folding networks to so-called tree automata.

However, we do not want to go into details concerning this topic. We are mainly
interested in approximating and learning functions which do not come from a sym-
bolic mechanism or where it is not known whether they come from a symbolic
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mechanism. We are interested in approximation capabilities as they occur in the so-
called PAC framework (we will explain this framework in Section 5). This frame-
work focuses on the possibility of learning mappings from a finite set of examples
so that the output is close to the desired function. In particular, the term ‘close to’ is
interpreted in a probabilistic framework. This implies that the focus does not lie on
arbitrarily long sequences or high trees, but on data with restricted length or height
as it occurs in practice. In all practical applications the maximum height is limited;
moreover even in theory, one can find for all probabilities p and small values € a
height ¢ such that trees which are higher than ¢ have the probability at most e.

We are interested in the converse direction: is proper decoding possible and can
mappings with structured outputs be approximated? We assume that real-value en-
coding or vector encoding according to Theorem 6 is available. Since we cannot
expect to precisely restore the trees, we refer to proper decoding if the following
holds: the structure of the decoded trees is correct and the single labels differ from
the labels of the encoded tree by only a small value e. For convenience, we assume
that additional values b and e indicate the beginning and end of a tree in the above
real-value encoding or vector encoding. The representation

[0.5,1,2, 1, 1,1,0.3,0.2, L,1,0.2, 1, 1].

for the tree 0.5(1(2),0.3(0.2,0.2)) would become [b,0.5,b,1,b,2,b, L,e,b, L, e,
e, e,0,03,0,0.2,b, 1L,eb, 1 eeb 0.20b L eb L, e e, e el Thisisveryeasy to
achieve and leads to equivalent, though longer representations. The delimiters d
and e have not yet been included into the encoding which has been discussed in
the beginning of this section. This is due to the fact that the delimiters are not
necessary for unique encoding and they are not contained in the respective proofs
to which we referred. However, the delimiters could be easily integrated into the
respective proofs and they make things much simpler for proper decoding. They
enable explicit counting of the respective tree level when decoding.

One can show that proper decoding is possible based on this representation:

Theorem 8 Assume a finite set of encoded trees is given. The encoding may consist
of real-value codes or vector codes. Then there exists a decoding network gs° which
properly decodes these trees. The number of neurons is necessarily exponential with
respect to the maximum height of the trees.

Hence decoding is possible in principle. However, decoding requires an increasing
amount of resources. This does not only hold for real-valued trees or vector encod-
ing but for symbolic trees encoded arbitrarily, i.e. such that the trees correspond
to arbitrary but distinct vectors, too. The proof, provided in the appendix, is based
on an argument which involves the VC dimension. The rough idea is the follow-
ing: one can associate to each decoding function a function class which necessarily
shatters a huge amount of data, i.e. where lower bounds on the VC dimension can
be established. Hence every function which is used for decoding necessarily pos-
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sesses some minimum complexity. This complexity is not achieved by standard
networks with a fixed number of neurons. Note that this argument does not rely
on the specific encoding mechanism or the decoding function which is used. It is a
general argument which puts restrictions on approaches like the tensor construction
(T) or holographic reduced representation (HRR), too. We believe that this can be
seen as a theoretical motivation for the necessity of increasing dimension in T and
a clean-up mechanism in HRR. Moreover, this result yields a theoretical founda-
tion for the success of folding networks compared to the LRAAM: they only deal
with the easier task of encoding, compared to the LRAAM which deals with en-
coding and decoding. Hence they can solve their tasks with smaller networks. The
LRAAM would need an increasing amount of neurons even for purely symbolic
data. However, if only a specific form of trees which are almost linear, i.e. the num-
ber of leaves is restricted a priori, is dealt with, a proper encoding and decoding is
possible with restricted resources as shown in [18].

Results on the ability of recurrent networks to approximate mappings with struc-
tured outputs can be derived immediately:

Theorem 9 Assume F' : R* — (R™); is a (measurable) function. Assume P is a
probability measure on R". Assume some accuracy € > 0 and confidence 6 > 0 are
chosen. Then a decoding network h§* and a feedforward network f exist so that the
following holds:

e h§* o f approximates F on inputs of high probability, i.e.
Pz | |hy (f(2)) = F(2)lm > €) <9,

where | - |,,, outputs the maximum Euclidian distance of the labels of the trees.
Even if a finite set of data is dealt with, the number of neurons is exponential
with respect to the maximum height of the trees.

o Assume F is continuous. Then h§* o f approximates F' on all inputs from a com-
pact set up to accuracy €. The encoding dimension is exponential with respect to
the maximum height of decoded trees.

Hence mappings with structured outputs can be approximated, too. Lower bounds
on the resources show that the situation is more difficult than the situation of struc-
tured inputs. Hence some kind of universal approximation ability is established for
both, encoding and decoding. Bounds on the resources indicate, which situations
are difficult to train and which situations are comparably easy. In particular, ap-
proaches which deal with encoding only seem more promising than approaches
which deal with both, encoding and decoding. Note that the lower bounds hold
for all coding mechanisms, i.e. folding networks and the LRAAM, where coding
can be trained, and for HRR and T, where coding is fixed, too. However, the posi-
tive approximation results assume that the networks can be adapted to the specific
task — hence they do not transfer to approaches like HRR where the specific fixed
encoding and decoding functions in HRR are to be examined.
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5 Generalization ability

Another important question is the following: can we learn an unknown function
from a finite set of data where the inputs or outputs may be structured? In a first
step it is necessary to find a formalization of learnability. A popular approach in
machine learning is the notion of so-called probably approximately correct or PAC-
learnability as introduced by Valiant [48]: a function class is PAC-learnable if and
only if a learning algorithm exists with the following property: the learning algo-
rithm outputs a bad function only with small probability assumed a sufficient num-
ber of training examples is provided. That means, PAC-learnability tells us that at
least one good learning algorithm exists. Unfortunately it does in general not tell
us how to find the algorithm. Hence we would like to go a step further. The stan-
dard algorithms used for neural network training minimize the empirical training
error on the data. Hence it would be valuable to know that every algorithm which
leads to a small training error yields valid generalization. In other words: we would
like to have guarantees that the training error is representative for the real error of
our function. The real error refers to the distance between the function which we
have learned with the algorithm and the underlying function which we would like
to learn; this distance is measured taken all possible inputs into account. This prop-
erty is commonly referred to as the uniform convergence of empirical distances or
UCED property [49].

The standard way to establish the UCED property is as follows: the so-called
distribution-independent UCED property holds for real-valued function classes if
and only if their VC dimension is finite [1,49]. Moreover, concrete bounds on the
training set size such that valid generalization is guaranteed can be found. The
bounds constitute a polynomial in the desired accuracy and confidence, and the
VC dimension. Here, the notion ‘distribution-independent’ means that the bounds
are independent of the concrete underlying and usually unknown input distribution.
This method can be applied for standard feedforward networks, as an example: they
have a finite VC dimension and hence the UCED property together with concrete
distribution-independent bounds are provided.

Unfortunately, the argumentation is more difficult in our situation: the first problem
consists in the fact that we do not consider real-valued function classes. We consider
complex structured outputs. The second problem is that even if we restricted our-
selves to, say, folding networks with real-valued outputs, the VC dimension would
be infinite. Hence we can conclude: the distribution-independent UCED property
does not hold for the neural architectures considered in this situation. The situa-
tion is even worse. The distribution-independent UCED property is equivalent to
distribution-independent PAC-learnability [49]. L.e. the VC dimension is finite if
and only if one learning algorithm exists which yields valid generalization with
distribution-independent bounds on the generalization error, both facts are equiv-
alent to the fact that the empirical error of every arbitrary learning algorithm is
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representative for the generalization error with distribution-independent bounds for
the difference between both terms. Hence distribution-independent PAC learnabil-
ity does not hold in our situation, either [17]. The consequences are as follows:
assumed we deal with structured inputs of arbitrary height. Then it is impossible
to find data-independent bounds on the number of examples which guarantee valid
generalization no matter which learning algorithm is used. Due to the difficulty of
our data, training may take longer than expected for every learning algorithm and
every bound on the time we did expect.

However, since our data are complex, we could agree that training may take more
time for particularly complicated data. We would expect that more training data are
required if the trees have a height of 1 mio. instead of a height of 10. That means
we would be satisfied with data-dependent bounds. Since distribution-independent
learnability cannot be guaranteed we can try to establish the distribution-dependent
UCED property or UCED property, for short. .e. we would be satisfied with data-
dependent bounds on the generalization error where properties of the input distri-
bution or the concrete training data occur in addition to the desired accuracy and
confidence and parameters which describe the architecture.

Unfortunately, the arguments from statistical learning theory which we would need
at this point are somewhat involved and lie beyond the scope of this article. The
main ideas concerning the situation in which we are interested are as follows: it
is possible to obtain bounds on the VC dimension if we restrict to input trees of
height at most ¢, as mentioned before. Hence learnability can be guaranteed for
the scenario of restricted input height with standard arguments. In each concrete
situation, i.e. for each concrete probability measure, high trees become less likely.
Assumed we could estimate the likelihood of high trees a priori then we could drop
unlikely situations and derive the standard bounds for the remaining situations. This
leads to first results:

Theorem 10 The UCED property can be established for encoding networks with
a standard activation function and each probability measure P on trees so that the
probabilities of trees of height larger than t can be estimated a priori for each t.

‘Standard activation function’ refers to any activation function such that bounds on
the VC dimension which depend on the maximum input height can be derived, e.g.
the standard logistic function. For concrete bounds on the generalization error in
this scenario see [16].

Assume prior knowledge on the underlying probability measure is not available.
Then we could estimate the probability of large input trees from the empirical distri-
bution on our concrete training sample. Assumed training data are short sequences.
Then we are lucky and valid generalization is very likely. Assumed a huge amount
of long sequences can be found. Then we would demand more examples for proper
generalization. This argumentation can be formalized within the so-called luckiness
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framework [36]. This framework allows to stratify a learning setting according to a
concrete so-called luckiness function. The luckiness function measures important
quantities which are related to the expected generalization ability. We expect better
generalization if we are lucky, in unlucky situations the generalization ability may
be worse. It is important to notice that the luckiness is measured after training, i.e.
posterior bounds may be derived in this setting. In our case, the height of input
trees serves as a luckiness function. Note that the concrete training set is represen-
tative for the underlying, though unknown input distribution. Hence we can expect
that high trees have a small probability and hence the generalization error depends
on small trees only, if only small trees occur in a concrete training setting. One
concrete result reads as follows [16]:

Theorem 11 Assume an encoding network has been trained on a training set where
trees of height at most t are contained. Then the empirical error on the training
data deviates from the generalization error at most by a term which depends on
the number of training patterns, the number of weights in the network, the desired
confidence, and t.

Hence posterior bounds can be obtained which depend on the concrete training
data. Still, the results are not yet satisfactory for two reasons: we would like to
obtain bounds which do not rely on the worst example in the training set but a
representative fraction of the training data. Fortunately, one can modify the above
argumentation so that only a large part of the training data has to be taken into
account. This yields bounds which depend on the maximum height of a large part
of the data and no longer on the worst example [15]. Second, we would like to
consider structured outputs. Learning theory provides a formalism which allows us
to do so: we have to define a loss function which measures the distance of two trees.
As an example, we could use a measure of the form

> pilXi — Y;| if X and Y have the same structure
D(X,Y) =
max otherwise

where max is some large value, X and Y are trees, and X; and Y; are their labels.
The sum 7 is taken over all labels of the trees X and Y. The p; are non-negative
values which add up to 1. They emphasize the importance of the respective label
in a tree. Usually, most emphasis lies on the root and the importance is smaller for
deep nodes corresponding to a small value p;. It is required that the values p; add
up to 1 (or any other positive constant) in order to avoid divergence of the above
sum.

Now the original function class with structured outputs is substituted by the real-
valued class which we obtain as follows: we compose the functions of the original
class with the above loss. Afterwards, one can examine the learnability of the lat-
ter class. In doing so, the following result can be established in analogy to the
argumentation of [15] (this reference provides the argumentation for recurrent net-
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works, only. In order to obtain the same results for structured data, it is sufficient
to substitute all bounds on the VC dimension in [15] by the bounds derived for
structure-processing networks.) :

Theorem 12 Assume a composition of encoding, decoding and feedforward ar-
chitectures is considered with W weights, N neurons, and the logistic activation
function. Assume m training patterns are available with height at most t, of all but
a fraction 1/m of the training set. Assume D is the above error measure. Choose t
so that the factors p; in D add up to at least 1 —1/(2m). Then the squared distance
of the training error and the generalization error is of the order

p(W, N, 2=*") Ig(m Inm)

b

m

p being some polynomial.

Hence we obtain concrete bounds for learning scenarios where both, inputs and out-
puts are tree-structured. The bounds depend on the number of weights and the con-
crete training data only. Note that the bounds have to depend on the data due to our
complex structures. For simple feedforward networks, valid generalization could be
guaranteed even in the distribution-independent case, i.e. the bounds would depend
on the architectures, only.

6 Conclusions

In this paper, we focused on specific dynamics which enable us to use standard con-
nectionistic methods for symbolic data directly. Popular symbolic data like logical
formulas and terms are tree-structured. The dynamics mirror the recursive dynam-
ics of tree structures. They constitute a customary approach which is included in
various concrete implementations such as RAAM, HRR, folding networks, etc. as
pointed out earlier. The methods mainly differ in the way in which they are trained.

We believe that theoretical properties of the dynamics should be investigated in
order to establish the various methods and to allow a well-founded comparison of
their usefulness. Though the various methods differ considerably in the training
method, they share several basic limitations and they share several basic guaran-
tees. We have examined the following two key properties: we have considered the
universal approximation capability and the generalization ability. The main results
were very promising: universal approximation and learnability can be guaranteed,
i.e. the approaches can be used in principle as universal learning mechanisms. How-
ever, decoding is more difficult than encoding and requires more resources — an
exponential number compared to a fixed number in an extreme situation, the purely
symbolic case. This tells us that we should restrict to encoding whenever we can.
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We should use additional mechanisms like a clean-up for HRR and related methods
if decoding is mandatory.

Learnability can be guaranteed with bounds which depend on the training data due
to the complex dynamics. Though the concrete bounds are still very bad, these are
promising results which establish the in-principle learnability as well as the order
of the convergence of learning algorithms. Quite remarkably, an approach concern-
ing the possibility of valid generalization could be obtained for structured outputs
as well. Here additional appropriate error measures for tree structures should be
established. Possible variations could take the symbolic nature of the data into ac-
count and incorporate invariances with respect to substitutions in formulas, as an
example.
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Appendix

Proof of Theorem 8

Proof: We only deal with binary trees, the generalization to other trees is straight-
forward. We assume that the logistic activation function is used and hence Boolean
connectives as well as multiplication, efc. can be approximated. The values are en-
coded via a prefix representation either in one real number, or in a vector with large
dimension. In each recursive step, the label and codes for the left and right sub-
tree are to be computed. If encoded in a vector of large dimension, the label can
be obtained simply projecting to the respective components. If encoded in one real
number, one can reconstruct the single digits recursively via multiplication by 10
and a test in which of the intervals [0, 0.05], [0.05, 0.15], efc. the resulting number
lies.

Afterwards, the left subtree is to be identified. This consists mainly in an identifi-
cation and counting of the unique symbols indicating the beginning and end of a
subtree, respectively. If the two numbers coincide for the first time, the left subtree
is finished and the right subtree is represented by the remaining part of the code
(up to additional symbols for the end of a tree, which do not alter the computa-
tion). Again, the counting of the beginning and end symbols can be performed by
Boolean operations and multiplications of a specified neuron by 0.1 for b or 10 for
e, respectively. The left subtree is completed if the value 1 can be found for the first
time.

If we deal with vectors, this computation consists in several projections and a
Boolean operations which can be computed via a standard network with a num-
ber of layers depending on the maximum number of nodes in the tree. If we deal
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Fig. 3. Recurrent network induced by G, z; is an element of the input sequence, x5 only
serves as output and provides the actual label of the tree, x3 stores the code for the actual
subtree. The precise label and subtree which are the output in each recursive step depend
on the input sequence.

with real numbers, we have to extract the single digits as described above, and we
have to store the code for the left subtree in one single number. This can be easily
computed by successively adding the respective bits multiplied by (0.1)¢, d being
the actual length of the computed part of the left subtree, to the already computed
code.

These are the in-principle ideas of the simulation, details with respect to the pos-
sibility of counting and approximating standard operations can be found in [17].
We obtain a network with a number of neurons depending exponentially on the
maximum height of the trees.

In order to derive a lower bound on the number of neurons, we derive the following
general result:

Assume points in R™ exist which are approximately decoded to all binary trees of
height at most 7" with labels in {0, 1} with some g5*. If ¢ is a feedforward network,
the number of neurons is bounded from below by 2%) if the activation function
is the Heaviside function, the standard logistic function or piecewise polynomial,
where Q)T" denotes a function which is at least linear in 7.

In order to prove this result, assume a function g induces a proper decoding func-
tion. The function g = (go, 91, 92) : R™ — R x R™ x R™ gives rise to a standard
recurrent network G : Rf — R X R™ induced by G : R x R x R™ — R x R™,

(T1, 2, 23) = (go(x3), (1 — 21) - g1(x3) + 21 - g2(3)) -

Note that g outputs in each step a label and codes for the left and right subtree of
a tree. The role of G (see Fig. 3) is to select one of the two possible codes of the
subtrees which are decoded via g: If the input is 0, the code of the left subtree is the
output, if the input is 1, the right subtree is obtained. The first coefficient of the out-
put of GG only stores the actual label of the root, which is propagated back through
29 without being used in the further computation. Hence recursive application of G
yields a path in the tree encoded in the initial context y, the respective label stored
in 9. More precisely, if g§° maps the value y to some tree ¢ then 7 o Gz‘g‘,y), ™
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being the projection to the first component, maps any binary sequence of length
to some node in the i th level of the tree ¢; the exact number of the node depends
on the sequence: the sequence containing only entries 0 is mapped to the leftmost
node in the 7 th level, the sequence with entries 1 is mapped to the rightmost node,
the other sequences lead to the nodes in between. Now assume that points in R™
exist which are approximately mapped to all trees of height 7" in {0, 1} with gy
Then the neural architecture 7 o G?EJC,—) shatters all binary sequences of length T'
with last component 1: one can simply choose the second part of the initial context
corresponding to a vector y which encodes a tree of height 7" and leaves according

to the dichotomy.

G can be computed adding a constant number of neurons with some at most quadratic
activation function and it can be approximated arbitrarily well adding a constant
number of units with the logistic activation function. Consequently, the VC dimen-
sion of 7 0 Gy restricted to inputs of height at most 7" is limited by a polynomial
in T and the number of neurons in g. The lower bound 27~ on the VC dimension
leads to the bound N = 24T) for the neurons in g. O

Proof of Theorem 9

Proof: We first address the first item. If we deal with approximation in probabil-
ity, the following steps do not change the considered situation much: we can divide
F" into mappings F; each mapping some set to trees of just one fixed structure. We
can assume that we have to deal with only a finite number of F; since their input
domain can be chosen such that the remaining part of the input set has arbitrary
small probability. We can assume that each F; is continuous since each measurable
function can be approximated arbitrarily well by a continuous version. Moreover,
we can assume that each F; starts only from a compact interval, and hence is uni-
formly continuous, i.e we can find for each € > 0 a value 6 > 0 so that the images
of inputs which deviate at most ¢ deviate by at most €. The mapping which maps
the inputs to the code of the output trees which are to be decoded is uniformly
continuous, too. Hence it can be approximated by a standard uniformly continuous
feedforward network. Now we only have to find proper decodings for the codes. We
need to approximate the labels of trees only with accuracy e. Hence we can output
a constant tree on small intervals of the encoded values. That means: we only have
to add a decoding network which decodes a finite set of inputs to the corresponding
trees. We have already seen that this is possible. Combining the feedforward net-
work with a test whether the input lies in the respective interval for the codes or the
empty tree and this decoding network yields the desired result.

In order to prove the second item: decompose the compact input set C' into compact
subsets C; so that F'|C; maps to some fixed structure. Cover every C; with a finite
number of open intervals so that they do not touch sets C; with j # 4. The map-
pings induced by F' on these intervals to the codes of the respective trees can be
approximated in the maximum norm with a standard network. These mappings are
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combined with a test which interval the input belongs to. The latter is performed
in an appropriate way so that on precisely one C; an output approximately 1 and
for other C; an output approximately 0 is obtained. Additionally, we add a decod-
ing network which decodes vector-valued tree representations up to a finite height
properly. O
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