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Abstract

We proposea new schemefor enlarging generalizedlearningvectorquantiza-
tion (GLVQ) with weightingfactorsfor the input dimensions.The factorsallow
anappropriatescalingof theinput dimensionsaccordingto their relevance.They
areadaptedautomaticallyduring training accordingto the speci�c classi�cation
taskwherebytrainingcanbe interpretedasstochasticgradientdescenton anap-
propriateerrorfunction.Thismethodleadsto amorepowerful classi�er andto an
adaptive metricwith little extra costcomparedto standardGLVQ. Moreover, the
sizeof theweightingfactorsindicatestherelevanceof theinput dimensions.This
proposesa schemefor automaticallypruningirrelevant input dimensions.Theal-
gorithmis veri�ed on arti�cial datasetsandtheiris datafrom theUCI repository.
Afterwards,themethodis comparedto severalwell known algorithmswhich de-
terminetheintrinsic datadimensionon realworld satelliteimagedata.

Keywords: clustering,learningvectorquantization,adaptivemetric,relevancede-
termination.

1 Intr oduction

Self-organizingmethodssuchastheself-organizingmap(SOM)or vectorquantization
(VQ) asintroducedby Kohonenprovidea successfulandintuitive methodof process-
ing datafor easyaccess[18]. Assumeddataarelabeled,an automaticclusteringcan
belearnedvia attachingmapsto theSOM or enlarging VQ with a supervisedcompo-
nentto so-calledlearningvectorquantization(LVQ) [19, 23]. Variousmodi�cationsof
LVQ exist which ensurefasterconvergence,a betteradaptationof thereceptive �elds
to optimumBayesiandecision,or anadaptationfor complex datastructures,to name
justa few [19, 29, 33].

A commonfeatureof unsupervisedalgorithmsandLVQ consistsin thefactthatin-
formationis providedby thedistancestructurebetweenthedatapointswhich is deter-
minedby thechosenmetric. Learningheavily relieson thecommonlyusedEuclidian
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metric andhencecrucially dependson the fact that the Euclidianmetric is appropri-
atefor the respective learningtask. Thereforedataareto bepreprocessedandscaled
appropriatelysuchthattheinput dimensionshaveapproximatelythesameimportance
for the classi�cation. In particular, the importantfeaturesfor the respective problem
areto be found,which is usuallydoneby expertsor with rulesof thumb. Of course,
this may be time consumingandrequiresprior knowledgewhich is often not avail-
able.Hencemethodshavebeenproposedwhichadaptthemetricduringtraining.Dis-
tinction sensitive LVQ (DSLVQ), asanexample,automaticallydeterminesweighting
factorsto the input dimensionsof thetrainingdata[26]. ThealgorithmadaptsLVQ3
for the weightingfactorsaccordingto plausibleheuristics. The approaches[17, 32]
enhanceunsupervisedclusteringalgorithmsby thepossibilityof integratingauxiliary
informationsuchasa labelinginto themetric structure.Alternatively, onecoulduse
informationgeometricmethodsin orderto adaptthemetricsuchasin [14].

ConcerningSOM,anothermajorproblemconsistsin �nding anappropriatetopol-
ogy of the initial lattice of prototypessuchthat the prior topology of the neuralar-
chitecturemirrors the intrinsic topologyof thedata.Hencevariousheuristicsexist to
measurethedegreeof topologypreservation,to adaptthetopologyto thedata,to de-
�ne thelatticeaposteriori,or to evolvestructureswhichareappropriatefor realworld
data[2, 7, 20, 27, 37]. In all tasksthe intrinsic dimensionalityof dataplaysa cru-
cial role sinceit determinesan importantaspectof the optimumneuralnetwork: the
topologicalstructure,i.e., thelatticefor SOM.Moreover, super�uousdatadimensions
slow down the training for LVQ aswell. They may even causea decreasein accu-
racy sincethey addpossiblynoisyor misleadingtermsto theEuclidianmetricwhere
LVQ is basedon. Hencea datadimensionassmall as possibleis desirablefor the
above mentionedmethodsin general,for the sake of ef�ciency, accuracy, andsim-
plicity of neuralnetwork processing.Thereforevariousalgorithmsexist which allow
to estimatethe intrinsic dimensionof the data: PCA andICA constitutewell estab-
lishedmethodswhichareoftenusedfor adequatepreprocessingof dataandwhichcan
beimplementedwith neuralmethods[15, 25]. A Grassberger-Procacciaanalysisesti-
matesthe dimensionalityof attractorsin a dynamicsystem[12]. SOMswhich adapt
the dimensionalityof the lattice during training like the growing SOM (GSOM) au-
tomaticallydeterminethe approximatedimensionalityof the data[2]. Naturally, all
adaptationschemeswhichdetermineweightingfactorsor relevancetermsfor theinput
dimensionsconstitutean alternative methodfor determiningthedimensionality:The
dimensionswhicharerankedasleastimportant,i.e. they possessthesmallestrelevance
terms,canbe dropped. The intrinsic dimensionalityis reachedwhenan appropriate
quality measuresuchasan error term changessigni�cantly. Thereexists a wide va-
riety of input relevancedeterminationmethodsin statisticsandthe�eld of supervised
neuralnetworks,e.g.pruningalgorithmsfor feedforwardnetworksasproposedin [10],
theapplicationof adaptive relevancedeterminationfor thesupportvectormachineor
Gaussianprocesses[9, 24, 31], or adaptive ridge regressionandthe incorporationof
penalizingfunctionasproposedin [11, 28, 30]. However, notethatour focuslies on
improving metricbasedalgorithmsvia involving anadaptive metricwhich allows di-
mensionalityreductionasa byproduct. The above mentionedmethodsdo not yield
a metric which could be usedin self-organizingalgorithmsbut primarily investigate
the goal of sparsityanddimensionalityreductionin neuralnetwork architecturesor

2



alternativeclassi�ers.
In the following, we will focuson LVQ sinceit combinestheelegancy of simple

andintuitiveupdatesin unsupervisedalgorithmswith theaccuracy of supervisedmeth-
ods. We will proposea possibilityof automaticallyscalingthe input dimensionsand
henceadaptingthe Euclidian metric to the speci�c training problem. As a byprod-
uct, this leadsto apruningalgorithmfor irrelevantdatadimensionsandthepossibility
of computingthe intrinsic datadimension.Approacheslike [16] clearly indicatethat
oftena considerablereductionof thedatadimensionis possiblewithout lossof infor-
mation. The main ideaof our approachis to introduceweightingfactorsto the data
dimensionswhichareadaptedautomaticallysuchthattheclassi�cationerrorbecomes
minimal. LikeLVQ, theformulasareintuitiveformulasandcanbeinterpretedasHeb-
bianlearning.Fromamathematicalpointof view, thedynamicsconstituteastochastic
gradientdescenton an appropriateerror surface. Small factorsin the result indicate
that the respective datadimensionis irrelevant andcanbe pruned. This ideacanbe
appliedto any generalizedLVQ (GLVQ) schemeasintroducedin [29] or otherplau-
sibleerrormeasuressuchastheKullback-Leibler-divergence.With theerrormeasure
of GLVQ, a robustandef�cient methodresultswhich canpushtheclassi�cationbor-
dersnearto theoptimumBayesiandecision.This method,generalizedrelevanceLVQ
(GRLVQ), generalizesrelevanceLVQ (RLVQ) [3] which is basedon simpleHebbian
learningandleadsto worseandinstableresultsin caseof noisyreallife data.However,
like RLVQ, GRLVQ hastheadvantageof anintuitive updaterule andallows ef�cient
inputpruningcomparedto otherapproacheswhichadaptthemetricto thedatainvolv-
ing additionaltransformationsasproposedin [8, 13, 34] or dependon lessintuitive
differentiableapproximationsof theoriginaldynamics[21]. Moreover, it is basedona
gradientdynamicscomparedto heuristicmethodslikeDSLVQ [26].

We will verify our methodon varioussmall datasets. Moreover, we will apply
GRLVQ to classifya real life satelliteimagewith approx. � mio. datapoints. As al-
readymentioned,weightingfactorsallow us to approximatelydeterminethe intrinsic
datadimensionality. An alternative methodis the growing SOM (GSOM) which au-
tomaticallyadaptsthe lattice of neuronsto the dataandhencegiveshints aboutthe
intrinsic dimensionalityaswell. We compareour GRLVQ experimentsto the results
providedby GSOM.In addition,we relateit to a Grassberger-Procacciaanalysis.We
obtaincomparableresultsconcerningthe intrinsic dimensionalityof our data. In the
following, we will �rst introduceour methodGRLVQ, presentapplicationsto simple
arti�cial andreallife data,and�nally discusstheresultsfor thesatellitedata.

2 The GRLVQ Algorithm

Assumea �nite training set ���	��

���������������������� !�#"$"$"$�&%('()+*,�- .�$"#"$"/��01' of
trainingdatais givenandtheclusteringof thedatainto % classesis to belearned.We
denotethecomponentsof a vector �324�5� by 

�768�$"#"$"$���

�

� in the following. GLVQ
choosesa �x ednumberof vectorsin �5� for eachclass,socalledprototypes.Denote
thesetof prototypesby �:9

6

�#"$"#"$��9<;=' andassignthelabel >
�

�?> to 9
� if f 9

� belongs

3



to the > th class,><2@�. .�$"#"$"A�&%(' . Thereceptive �eld of 9<� is de�ned by
B

�

�C�:�D2E�F)&G79IHJ) �LK@9

�

)NMC) �LK@9IHN)O'."

Thetrainingalgorithmadaptstheprototypes9<� suchthatfor eachclass><21�� !�$"#"$"/�P%(' ,
thecorrespondingprototypesrepresenttheclassasaccuratelyaspossible.Thatmeans,
the differenceof the pointsbelongingto the > th class, �#�Q�R2S�T)U���V�W>+' , andthe
receptive �elds of thecorrespondingprototypes,XRY[Z]\^Y

B

� , shouldbeassmallaspos-
sible for eachclass.For a givendatapoint 
]�^���_�<2@� denoteby `5
]�7� somefunction
which is negative if � is classi�ed correct,i.e., it belongsto a receptive �eld

B

� with
> � �?� , andwhich is positive if � is classi�edwrong,i.e., it belongsto a receptive�eld
B

� with >/�ba �C� . Denoteby cedf�Cgh� somemonotonicallyincreasingfunction. The
generalschemeof GLVQ consistsin minimizing theerrorterm

i
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k

�

\

6
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]`5

�

�

��� (1)

via a stochasticgradientdescent.
Givenanexample 
]�7��������� , theupdateruleof LVQ2.1is

9blmdO�?9bl,n�o:
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where ow24

xf�$ U� is theso-calledlearningrateand 9

l

is thenearestcorrectprototype,
9

r

is the nearestincorrectprototype. Usually, this updateis only performedif the
prototypesfall within a certainwindow of the decisionborder. This updatecan be
obtainedasa stochasticgradientdescenton the error function (1) if we choosè as

y

l

K

y

r

,
y

l

and
y

r

beingthesquaredEuclidiandistancesof �7� to thenearestcorrect
or wrongprototype,respectively. c is the identity restrictedto thewindow of interest
and x outside.

Theconcretechoiceof c astheidentity and `5

�
�
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y

l

,
y

l

beingthesquared
Euclidiandistanceof �7� to thenearestprototype,say 9

l

, and {=�} if � is classi�ed
correct,{~�•K€ , if � is classi�edwrong,would yield thestandardLVQ update
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� otherwise
(2)

whereos2ƒ

x_�# :� . Notethattheconditionon `5
]�7�„� of beingnegative if f �7� is classi�ed
correctly is hereviolated. Consequently, the resultingfunction is highly discontinu-
ous.Hencetheusefulnessof this errorfunctioncanbedoubtedandthecorresponding
gradientdescentmethodwill likely show instablebehavior.

Thechoiceof c asthesigmoidalfunctionsgd
]�7�J�•
� …nƒ†$‡�ˆ‰
ŠK‹�7���$Œ
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where
y

l

is thesquaredEuclidiandistanceto thenext prototypelabeledwith �p� , say
9

l

, and
y

r

is the squaredEuclidian distanceto the next prototypelabeledwith a
labelnot equalto �_� , say 9

r

, yieldsa particularpowerful andnoisetolerantbehavior
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sinceit combinesadaptationneartheoptimumBayesianborderslikeLVQ2.1,whereby
prohibiting the possibledivergenceof LVQ2.1 as reportedin [29]. We refer to the
updateasGLVQ:
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Obviously, the successof GLVQ crucially dependson the fact that the Euclidian
metric is appropriatefor thedataandthe input dimensionsareapproximatelyequally
scaledandequally important. Here,we introduceinput weights ”v�•
�”‰68�$"$"#"/�&”

�

� ,
”

�•–

x in orderto allow adifferentscalingof theinputdimensionshencemakingpos-
sibly timeconsumingpreprocessingof thedatasuper�uous.SubstitutingtheEuclidian
metric —A�LK˜�™— by its scaledvariant
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thereceptive �eld of prototype9b� becomes
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Replacing
B

� by
B

�

š in theerror function
i

in (1) yields a differentweightingof the
input dimensionsandhenceanadaptivemetric. Appropriateweightingfactors” can
bedeterminedautomaticallyvia a stochasticgradientdescentaswell. Hencetherule
(2) wherethe relevancefactors ”

�

of themetricareintegratedis accompaniedby the
update
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for each0 , whereo$6b2ƒ

x_�# :� . We addanormalizationto obtain —/”Ÿ—“�’ suchthatwe
avoid numericalinstabilitiesfor theweightingfactors.This updateconstitutesRLVQ
asproposedin [3].

Weremarkthatthisupdatecanbeinterpretedin aHebbianway: Assumedthenear-
estprototype9

l

is correctthenthoseweightingfactorsaredecreasedonly slightly for
whichtheterm 

���

j

K,9

l

j

�

‘ is small.Takingthenormalizationof theweightingfactors
into account,theweightingfactorsareincreasedin this situationif f they contributeto
the correctclassi�cation. Conversely, thosefactorsareincreasedmost for which the
term 
]���

j

Kƒ9

l

j

�

‘ is largeif theclassi�cationis wrong. Henceif theclassi�cationis
wrong,preciselythoseweightingfactorsareincreasedwhich do not contributeto the
wrongclassi�cation.Sincetheerrorfunctionis not continuousin this case,this yields
merelyaplausibleexplanationof theupdaterule. However, it is not surprisingthatthe
methodshows instabilitiesfor largedatasetswhich aresubjectto noiseaswe will see
later.

We canapplythesameideato GLVQ. Thenthemodi�cation of (3) which involves
therelevancefactors”
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for each0 , 9

l

and 9

r

beingtheclosestcorrector wrongprototype,respectively, and
y

l

and
y

r

the respective squareddistancesin theweightedEuclidianmetric. Again,
this is followed by normalization.We term this generalizationof RLVQ andGLVQ
generalizedrelevancelearning vectorquantizationor GRLVQ, for short. Note that
theupdatecanbemotivatedintuitively by theHebbparadigmtakingthenormalization
into account:they comprisethesametermsasin (5). Hencethoseweightingfactors
are reinforcedmost,which coef�cients are closestto the respective datapoint �™� if
this point is classi�ed correct;otherwise,if �7� is classi�ed wrong, thosefactorsare
reinforcedmost,which coef�cients are far away. The differencein (6) comparedto
(5) consistsin appropriatesituationdependentweightingsfor thetwo termsandin the
simultaneousupdateaccordingto thenext correctandnext wrongprototype.Besides,
theupdaterule obeys a gradientdynamicson thecorrespondingerror function (1) as
weshow in theappendix.

Obviously, thesameideacouldbeappliedto any gradientdynamics.Wecould,for
example,minimizea differenterror functionsuchastheKullback-Leiblerdivergence
of thedistributionwhich is to belearnedandthedistributionwhich is implementedby
the vectorquantizer. Moreover, this approachis not limited to supervisedtasks,we
couldenlargeunsupervisedmethodslike theneuralgasalgorithm[20] which obey a
gradientdynamicswith weightingfactorsin orderto obtainanadaptivemetric.

3 Relation to previous research

Themaincharacteristicsof GRLVQ asproposedin theprevioussectionareasfollows:
Themethodallows anadaptive metricvia scalingtheinput dimensions.Themetric is
restrictedto a diagonalmatrix. Theadvantagesaretheef�ciency of themethod,inter-
pretabilityof thematrixelementsasrelevancefactors,andthecorrelatedpossibilityof
pruning.Theupdateproposedin GRLVQ is intuitive andef�cient, at thesametime a
thoroughmathematicalfoundationcanbefounddueto thegradientdynamics.As we
will seein the next section,GRLVQ providesa robustclassi�cationsystemwhich is
appropriatefor real-life data.

Naturally, variousapproachesin the literatureconsiderthe questionsof an adap-
tive metric, input pruning,anddimensionalitydetermination,too. The mostsimilar
approachwe areawareof constitutesdistinctionsensitive LVQ (DSLVQ) [26]. The
methodintroducesweightingfactors,too,andis basedonLVQ3. Themainadvantages
of our iterative updateschemecomparedto theDSLVQ updatearethreefold:Our up-
dateis very intuitiveandcanbeexplainedwith Hebbianlearning;our methodis more
ef�cient sincein DSLVQ eachupdatesteprequirestwice normalization;and,which
we believe is themostimportantdifference,our updateconstitutesa gradientdescent
on anerror function,hencethedynamicscanbemathematicallyanalyzedanda clear
objectivecanbeidenti�ed.

Recently, Kaski et.al. proposedtwo different approacheswhich allow an adap-
tive metric for unsupervisedclusteringif additionalinformationin anauxiliary space
is available [17, 32]. Their focus lies on unsupervisedclusteringand they usethe
Bayesian-framework in order to derive appropriatealgorithm. The approachin [17]
explicitely adaptsthe metric, however it needsa model for explaining the auxiliary
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data.Hence,we cannotapply themethodfor our purpose,explicit clustering,i.e. de-
velopingthe model. In [32] an explicit model is no longernecessary. However, the
methodrelieson several statisticalassumptionsandis derived for soft clusteringin-
steadof exactLVQ. Onecouldborrow ideasfrom [32]. Alternatively to thestatistical
scenario,GRLVQ proposesanotherdirect,ef�cient, andintuitiveapproach.

Methodsasproposedin [13] andvariationsallow anadaptivemetricfor otherclus-
teringalgorithmslike fuzzyclustering.Thealgorithmin [13] evenallowsa more�e x-
ible metric with non-vanishingentriesoutsidethe diagonal;however, the algorithms
arenaturally lessef�cient and requirea matrix inversion,for example. In addition,
well known methodslike RBF networks canbe put in the sameline sincethey can
providea clusteringwith adaptive metricaswell. Commonly, trainingis lessintuitive
andef�cient thanGRLVQ. Moreover, amore�e xible metricwhichdoesnot restrictto
adiagonalmatrix doesno longerproposeanaturalpruningscheme.

Apart from the�e xibility dueto anadaptivemetric,GRLVQ providesasimpleway
of determiningwhichdatadimensionsarerelevant:wecanjust dropthosedimensions
with lowestweightingfactoruntil a considerableincreaseof theclassi�cationerror is
observed.This is acommonfeaturefor all methodswhichdetermineweightingfactors
describingthemetric. Alternatively, onecanusegeneralmethodsfor determiningthe
dimensionalityof thedatawhicharenot �tted to theclassi�er LVQ. Themostpopular
approachesareprobablyICA andPCA, asalreadymentioned[15, 25]. Alternatively,
onecould usethe above mentionedGSOM algorithm[2]. However, becauseof its
remaininghypercubicalstructurethe resultsmay be inaccurate.Another methodis
to apply a Grassberger-Procaccia-analysisto determinethe intrinsic dimension.This
methodis unfortunatelysensitive to noise[12, 38]. A wide varietyof relevancedeter-
minationmethodsexistsin statisticsor in thesupervisedneuralnetwork literature,e.g.
[9, 10, 11, 24, 28, 30, 31]. Thesemethodsmostlyfocuson thetaskof obtainingsparse
classi�cationsandthey do not yield an adaptive metric which could be usedin self-
organizingmetric-basedalgorithmslikeLVQ andSOM.Henceacomparisonwith our
methodwhich primarily focuseson anadaptive metric for self-organizingalgorithms
wouldbeinteresting,but beyondthescopeof this article.

4 Experiments

Arti�cial data

We �rst testedGRLVQ on two arti�cial datasetsfrom [3] in order to compareit to
RLVQ. We refer to the setsas data  and data ¢ , respectively. The datacomprise
clusterswith smallor largeoverlap,respectively, of theclustersin two dimensionsas
depictedin Fig. 1. We embedthe points in �

6„£ asfollows: Assume 
]�Q68���

‘

� is one
datapoint. Thenwe add ¤ dimensionsobtaininga point 
]�‰68�$"#"$"$���76Š£:� . We choose

�p¥€�S�76…n‚{N6+�#"$"$"$���p¦€�v�76…nƒ{!§ , where{

�

comprisesnoisewith a Gaussiandistribu-
tion with variancesx_" x.¨ , x_"© , xf" ¢ , and xf" ¨ , respectively. �7ª , . . . , �76Š£ containpurenoise
whichis uniformly distributedin «¬K“xf" ¨_��x_"u¨U­ and «®K“x_"u¢��&x_"u¢U­ or distributedaccordingto
Gaussiannoisewith variancesxf" ¨ and x_"u¢ , respectively. We refer to thenoisydataas
data� anddatā , respectively. In eachrun,dataarerandomlyseparatedinto a training
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Figure1: Arti�cial datasetsconsistingof threeclasseswith two clusterseachandsmall
or largeoverlap,respectively; only the�rst two dimensionsaredepicted.

andtestsetof thesamesize. o is chosenasconstantxf"® , o:6 is chosenas x_" x_ . Sincethe
weightingfactorsareupdatedin eachstepcomparedto theprototypes,thelearningrate
for theweightingtermsshouldbesmallerthanthelearningratefor theprototypes.Pre-
trainingwith simpleLVQ till theprototypesnearlyconvergeis mandatoryfor RLVQ,
otherwise,theclassi�cationerroris usuallylargeandtheresultsarenotstable.It is ad-
visableto train theprototypeswith GLVQ for a few  #x.x epochsbeforeusingGRLVQ,
either, in orderto avoid instabilities.We use ¢ prototypesfor eachclassaccordingto
thepriorly known distribution. The resultson trainingandtestsetarecomparablein
all runs,i.e. the testsetaccuracy is not worseor only slightly worsecomparedto the
accuracy on the training set. GRLVQ obtainsaboutthe sameaccuracy asRLVQ on
all datasets(seeTab. 1) andclearlyindicateswhich dimensionsarelessimportantvia
assigningsmallweightingfactorsto thelessimportantdimensionswhichareknown in
theseexamples.Typicalweightingfactorsarethevectors

” RLVQ �•
�x_"u¨��&x_" ¯.°_�&x_" x!x�¨���xf" x.x.¨N�&x_�&x���xf��x��&x_��x��

” GRLVQ �•
�x_" ¯.°f��x_" ¯f�&x_" x�±���x_" x.¢_��xf��x_" x!¢_��x��&x_��xf��x!�

for data� or thevectors

” RLVQ �²

x_"© #�f��xf"® U¢���xf"® U¢��&x_"© ! !�&x�"© !��x_" x.°���xf"® 8�&x_" x8¤_�&x�" x�±��&x_" x8³.�

” GRLVQ �²

xf" ¢!¤_�&x_" �!³_�&x_" �_�&x_" x.¨��&x_�&x_��x_��x_��x_��x.�

for data ¯ , henceclearly separatingthe important�rst two datadimensionsfrom the
remaining¤ dimensionsof which the�rst ¯ containsomeinformation.This is pointed
out via a comparablylargethird weightingtermfor theseconddataset. Theremain-
ing four dimensionscontainno informationat all. However, GRLVQ shows a faster
convergenceandlargerstabilitycomparedto RLVQ in particularif usedfor noisydata
setswith largeoverlapof theclassesasfor data ¯ . Theretheseparationof the impor-
tantdimensionsis clearerin GRLVQ thanRLVQ. ConcerningRLVQ, pre-trainingwith
LVQ andsmalllearningratesweremandatoryin orderto ensuregoodresults;thesame
situationsturnout to belesscritical for GRLVQ, althoughit is advisableto choosethe
learningratefor theweightingtermsanorderof magnitudesmallerthanthe learning

8



data  data � data ¢ datā
LVQ 91- 96 81 - 89 79 - 86 56 - 70
RLVQ 91- 96 90 - 96 80 - 86 79 - 86
GRLVQ 94- 97 93 - 97 83 - 87 83 - 86

Table1: Percentageof correctlyclassi�edpatterns(maximum #x.x ) for thetwo arti�cial
training data,data  and data � , with and without additionalnoisy dimensionsand
RLVQ or GRLVQ, respectively.

ratefor theprototypeupdate.TheseresultsindicatethatGRLVQ is particularlywell
suitedfor noisyreallife datasets.Basedontheaboveweightingfactorsonecanobtain
a rankingof the input dimensionsanddrop all but the �rst two dimensionswithout
increasingtheclassi�cationerror.

Iris data

In asecondtestweappliedGRLVQ to thewell known Iris datasetprovidedin theUCI
repositoryof machinelearning[4]. Thetaskis to predictthreeclassesof plantsbased
on ¯ numericalattributesin  :¨!x instances,i.e., we dealwith datapoints in �

§ with
labelsin �. !�P¢��&��' . Both,LVQ andRLVQ obtainanaccuracy of aboutxf" °�¨ for atraining
andtestsetif trainedwith ¢ prototypesfor eachclass.RLVQ shows a slightly cyclic
behavior in the limit, the accuracy changingbetweenx_" °8¯ and xf" °.³ . The computed
weightingfactorsfor RLVQ are

” RLVQ �²

xf" x�¢��&x_" x_ !�&x_" x.¢_��x_" ¤!°��

indicatingthatbasedonthelastdimensionaverygoodclassi�cationwouldbepossible.
If moredimensionswould betakeninto account,a betteraccuracy of about  ." x would
bepossibleasreportedin theliterature.Wecouldnotproducesuchasolutionwith LVQ
or RLVQ. Moreover, a perfectrecognitionof  would correspondto over�tting since
thedatacomprisessmall noiseasreportedin the literature. GRLVQ yields thebetter
accuracy of at least x_" °!³ on the trainingaswell asthe testsetandobtainsweighting
factorsof theform

” GRLVQ �•
�x_��xf��xf" ¯p��x_" ³.�/�

hence,indicatingthatthelastdimensionis mostimportantasalreadyfoundby RLVQ,
anddimension� contributesto a betteraccuracy which hasnot beenpointedout by
RLVQ. Notethattheresultobtainedby GRLVQ is in coincidencewith resultsobtained
e.g.with ruleextractionfrom feedforwardnetworks[6].

Satellitedata

Finally, weappliedthealgorithmto alargerealworld dataset:amulti-spectralLAND-
SAT TM satelliteimageof theColoradoarea.1 Satellitesof LANDSAT-TM typepro-
ducepicturesof theearthin 7 differentspectralbands.Thegroundresolutionin meter

1Thanksto M. Augusteijn(Universityof Colorado)for providing this image.
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LVQ RLVQ GLVQ GRLVQ
mean(train) 85.21 86.1 87.32 91.08
variance(train) 0.59 0.18 0.17 0.11
mean(test) 85.2 86.36 87.28 91.04
variance(test) 0.46 0.16 0.1 0.13

Table2: Percentageof correctlyclassi�edpatterns(maximum  #x!x ) andvarianceof the
runson thesatellitedataobtainedin a10-fold-crossvalidation.

is �.xm�@�.x for the bands1-5 andband7. Band6 (thermalband)hasa resolutionof
³!xE�˜³.x only and,therefore,it is often dropped.Thespectralbandsrepresentuseful
domainsof thewhole spectrumin orderto detectanddiscriminatevegetation,water,
rock formationsandcultural features[5, 22]. Hence,thespectralinformation,i.e., the
intensityof thebandsassociatedwith eachpixel of a LANDSAT scene,is represented
by a vectorin ��� with ´@�C³ . Generally, thebandsarehighly correlated[1, 35]. Ad-
ditionally, the Coloradoimageis completelylabeledby experts. Thereare  $¯ labels
describingdifferent vegetationtypesand geologicalformations. Thereby, the label
probabilityvariesin a wide range[36]. Thesizeof theimageis  #°.x�±,�˜ +±+¤!¯ pixels.

We trainedRLVQ and GRLVQ with ¯�¢ prototypes( � for eachclass)on ¨.µ of
thedatasettill convergence.Thealgorithmconvergedin lessthan  #x cyclesif o and

o/6 were chosenas xf"® and x_" x_ , respectively, as before. RLVQ yields an accuracy
of about ¤!³Nµ on the training dataaswell asthe entiredataset,however, it doesnot
provide a rankingof the prototypes,i.e. all weightingtermsarecloseto their initial
value x_"© #³ . GRLVQ leadsto the betteraccuracy of °f Uµ on the training setaswell
astheentiredatasetandprovidesa clearrankingof theseveraldatadimensions.See
Table 2 for a comparisonof the resultsobtainedby the variousalgorithms. In all
experiments,dimension³ is rankedasleastimportantwith weightingfactorcloseto x .
Theweightingfactorsapproximate

” GRLVQ �²

xf"® .��x_"© U±���xf" ¢�±N��xf" ¢_ !�&x_"u¢8³��&x.�

in several runs. This weightingclearly separatesthe �rst two dimensionsvia a small
weightingfactor. If we prunedimension³ ,  , and ¢ , still anaccuracy of ¤!¯Nµ canbe
achieved. Hencethis indicates,that the intrinsic datadimensionis at most � . Pruning
oneadditionaldatadimension,dimension̄ still allowsanaccuracy of morethan ¨!x�µ ,
henceindicatingthattheintrinsicdimensionmaybeevenlowerandtherelevantdirec-
tions arenot parallelto the axesor even curved. Theseresultsarevisualizedin Fig.
2 wherethemisclassi�edpixelsin therespective casesarecoloredin black,theother
pixelsarecoloredcorrespondingto their respectiveclass.

For comparisonwe applieda Grassberger-Procaccia-analysisandthe GSOM ap-
proach.The �rst estimatesthe intrinsic dimensionas

y_¶!·¹¸

�_"© $¯f #¯ whereasGSOM
generatesa latticeof shape U¢I�,±z�€� , henceindicatinganintrinsicdimensionbetween

 and � . Thesemethodsshow a goodagreementwith thedrasticlossof informationif
morethan � dimensionsareprunedwith GRLVQ.
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Figure 2: Colorado-satellite-image:the pixels are coloredaccordingto the labels;
above-left: original labeling;above-right: GRLVQ without pruning;below-left: GR-
LVQ with pruningof dimensions , ¢ ,³ ; below-right: GRLVQ with pruningof ¯ di-
mensions.Misclassi�edpixelsin theGRLVQ-generatedimagesareblackcolored.(A
coloredversionof theimagecanbeobtainedfrom theauthorson request.)

5 Conclusions

The presentedclusteringalgorithmGRLVQ providesa new robust methodfor auto-
matically adaptingthe Euclidianmetric usedfor clusteringto the data,determining
the relevanceof the several input dimensionsfor the overall classi�er, and estimat-
ing the intrinsic dimensionof data. It reducesthe input dimensionsonto theessential
parameterswhich is demandedto obtainoptimalnetwork structures.This is animpor-
tant feature,if the network is usedto reducethe dataamountto subsequentsystems
in complex dataanalysistasksaswe can�nd in medicalapplications(imageanaly-
sis) or satelliteremotesensingsystems,for example. Here, the reductionof datato
betransferredis oneof themostimportantfeatures,however, preservingtheessential
informationin thedata.

The GRLVQ-algorithmwassuccessfullytestedon arti�cial aswell asreal world
data,a large andnoisy satellitemulti-spectralimage. A comparisonwith other ap-
proachesvalidatestheresultsevenin reallife applications.

It shouldbenotedthat theGRLVQ algorithmcanbeeasilyadaptedto othertypes
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of neuralvectorquantizersasneuralgasor SOM,to mentionjustafew. Furthermore,it
is clearthatif we assumeanunknown probabilitydistribution of thelabelsfor a given
dataset,theherediscussedvariantof GRLVQ triesto maximizetheKullback-Leibler
divergence.Hence,we canstatefor this featuresomesimilaritiesin our approachto
thework of Kaski [17, 32].

Furtherconsiderationsof GRLVQ shouldincorporateinformationtheoryapproaches
likeentropy maximizationto improvethecapabilitiesof thenetwork.
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Appendix

Thegeneralerrorfunction(1) hasherethespecialform
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where ÌÐÏÑ> denotesthe indicesof prototypeslabeledwith > , Íža ÏÒ> denotesthe
indicesof prototypesnotlabeledwith > , ´5
®Ì.��>#� is anindicatorfunctionfor 9
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Thederivative of theHeaviside function is thedeltafunction ß which is a symmetric
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(8)and(9) correspondupto aconstantfactorto theupdate(3). (10)and(11)vanishdue
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(12)and(13)correspondto theupdatefor ” in (5). (14)and(15)vanishsinceweobtain
for theintegrandthefollowing equation:
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Again, this is zerobecauseof thesymmetryof ß andthe fact, that ß is non-vanishing
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, respectively. Hencetheupdateof GRLVQ constitutesa
stochasticgradientdescentmethodwith appropriatechoicesof thelearningrates.
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