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Abstract

We proposea new schemédor enlaging generalizedearningvectorquantiza-
tion (GLVQ) with weightingfactorsfor the input dimensions.The factorsallow
anappropriatescalingof theinput dimensionsaccordingto their relevance. They
are adaptedautomaticallyduring training accordingto the speci ¢ classi cation
taskwherebytraining canbe interpretedas stochastigradientdescenbn an ap-
propriateerrorfunction. This methodleadsto amorepowerful classi er andto an
adaptve metricwith little extra costcomparedo standardsLVQ. Moreover, the
sizeof theweightingfactorsindicatesthe relevanceof theinput dimensionsThis
proposes schemeéor automaticallypruningirrelevantinput dimensionsThe al-
gorithmis veri ed onarti cial datasetsandtheiris datafrom the UCI repository
Afterwards,the methodis comparedo severalwell known algorithmswhich de-
terminetheintrinsic datadimensionon realworld satelliteimagedata.
Keywords: clusteringJearningvectorquantizationadaptve metric,relevancede-
termination.

1 Intr oduction

Self-oganizingmethodssuchasthe self-omganizingmap(SOM) or vectorquantization
(VQ) asintroducedby Kohonenprovide a successfuandintuitive methodof process-
ing datafor easyaccesg18]. Assumeddataarelabeled,anautomaticclusteringcan
be learnedvia attachingmapsto the SOM or enlaging VQ with a supervisedcompo-
nentto so-calledearningvectorquantizationLVQ) [19, 23]. Variousmodi cations of
LVQ exist which ensurefasterconvergence a betteradaptatiorof thereceptve elds
to optimumBayesiandecision,or an adaptatiorfor complex datastructuresto name
justafew [19, 29, 33].

A commonfeatureof unsupervisedlgorithmsandLVQ consistdn thefactthatin-
formationis providedby the distancestructurebetweerthedatapointswhichis deter
minedby the chosermetric. Learningheavily reliesonthe commonlyusedEuclidian
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metric and hencecrucially dependson the fact that the Euclidianmetric is appropri-
atefor therespectre learningtask. Thereforedataareto be preprocessedndscaled
appropriatelysuchthatthe input dimensionshave approximatelythe sameimportance
for the classi cation. In particular the importantfeaturesfor the respectie problem
areto be found, which is usuallydoneby expertsor with rulesof thumh Of course,
this may be time consumingand requiresprior knowledgewhich is often not avail-
able.Hencemethodshave beenproposedvhich adaptthe metricduringtraining. Dis-
tinction sensitve LVQ (DSLVQ), asan example,automaticallydeterminesveighting
factorsto the input dimensionsf thetraining data[26]. The algorithmadaptd VQ3
for the weighting factorsaccordingto plausibleheuristics. The approache$§l?, 32
enhancainsupervisealusteringalgorithmsby the possibility of integratingauxiliary
informationsuchasa labelinginto the metric structure. Alternatively, one could use
informationgeometrionethodsn orderto adaptthe metricsuchasin [14].
ConcerningSOM, anothemajorproblemconsistdn nding anappropriatg¢opol-
ogy of theinitial lattice of prototypessuchthat the prior topology of the neuralar
chitecturemirrorsthe intrinsic topologyof the data. Hencevariousheuristicsexist to
measurehe degreeof topologypreseration,to adaptthe topologyto the data,to de-
ne thelatticea posteriori,or to evolve structuresvhich areappropriatdor realworld
data[2, 7, 20, 27, 37]. In all tasksthe intrinsic dimensionalityof dataplaysa cru-
cial role sinceit determinesan importantaspectof the optimumneuralnetwork: the
topologicalstructurej.e., thelattice for SOM. Moreover, super uousdatadimensions
slow down the training for LVQ aswell. They may even causea decreasén accu-
ragy sincethey addpossiblynoisy or misleadingtermsto the Euclidianmetricwhere
LVQ is basedon. Hencea datadimensionas small as possibleis desirablefor the
above mentionedmethodsin general,for the sale of efciency, accurag, and sim-
plicity of neuralnetwork processing.Thereforevariousalgorithmsexist which allow
to estimatethe intrinsic dimensionof the data: PCA and ICA constitutewell estab-
lishedmethodswvhich areoftenusedfor adequat@reprocessingf dataandwhich can
beimplementedvith neuralmethodq15, 25]. A GrassbagerProcaccianalysisesti-
matesthe dimensionalityof attractorsin a dynamicsystem[12]. SOMswhich adapt
the dimensionalityof the lattice during training like the growing SOM (GSOM) au-
tomatically determinethe approximatedimensionalityof the data[2]. Naturally, all
adaptatiorschemesvhich determinenveightingfactorsor relevancetermsfor theinput
dimensionsconstitutean alternatve methodfor determiningthe dimensionality: The
dimensionsvhicharerankedasleastimportant,i.e. they possesthesmallestelevance
terms,canbe dropped. The intrinsic dimensionalityis reachedvhenan appropriate
quality measuresuchasan error term changessigni cantly. Thereexists a wide va-
riety of input relevancedeterminatiormethodsn statisticsandthe eld of supervised
neuralnetworks,e.g.pruningalgorithmsfor feedfornardnetworksasproposedn [10],
the applicationof adaptve relevancedeterminatiorfor the supportvectormachineor
Gaussiamprocesse$9, 24, 31], or adaptve ridge regressionandthe incorporationof
penalizingfunctionasproposedn [11, 28, 30]. However, notethatour focuslies on
improving metric basedalgorithmsvia involving an adaptive metric which allows di-
mensionalityreductionas a byproduct. The abose mentionedmethodsdo not yield
a metric which could be usedin self-omganizingalgorithmsbut primarily investigate
the goal of sparsityand dimensionalityreductionin neuralnetwork architecturesor



alternatve classi ers.

In the following, we will focuson LVQ sinceit combinesthe elegang of simple
andintuitive updatesn unsupervisedlgorithmswith theaccurag of supervisedneth-
ods. We will proposea possibility of automaticallyscalingthe input dimensionsand
henceadaptingthe Euclidian metric to the speci c training problem. As a byprod-
uct, this leadsto a pruningalgorithmfor irrelevantdatadimensionsandthe possibility
of computingthe intrinsic datadimension. Approachedike [16] clearly indicatethat
oftena considerableeductionof the datadimensionis possiblewithout lossof infor-
mation. The mainideaof our approachs to introduceweightingfactorsto the data
dimensionswvhich areadaptechutomaticallysuchthatthe classi cationerrorbecomes
minimal. Like LVQ, theformulasareintuitive formulasandcanbeinterpretecasHeb-
bianlearning.Fromamathematicapoint of view, the dynamicsconstitutea stochastic
gradientdescenibn an appropriateerror surface. Small factorsin the resultindicate
that the respectre datadimensionis irrelevantand canbe pruned. This ideacanbe
appliedto ary generalized-VQ (GLVQ) schemeasintroducedin [29] or otherplau-
sible errormeasuresuchasthe Kullback-Leiblerdivergence.With the errormeasure
of GLVQ, arobustandef cient methodresultswhich canpushthe classi cationbor-
dersnearto the optimumBayesiardecision.This method generalizedelevancelL VQ
(GRLVQ), generalizeselevanceLVQ (RLVQ) [3] whichis basedon simpleHebbian
learningandleadsto worseandinstableresultsin caseof noisyreallife data.However,
like RLVQ, GRLVQ hasthe advantageof anintuitive updaterule andallows ef cient
input pruningcomparedo otherapproachewhich adaptthe metricto the datainvolv-
ing additionaltransformationsas proposedn [8, 13, 34] or dependon lessintuitive
differentiableapproximation®f the original dynamicqg21]. Moreover, it is basedna
gradientdynamicscomparedo heuristicmethoddike DSLVQ [26].

We will verify our methodon varioussmall datasets. Moreover, we will apply
GRLVQ to classifyareallife satelliteimagewith approx. mio. datapoints. As al-
readymentionedweightingfactorsallow usto approximatelydeterminethe intrinsic
datadimensionality An alternative methodis the growing SOM (GSOM) which au-
tomatically adaptsthe lattice of neuronsto the dataand hencegives hints aboutthe
intrinsic dimensionalityaswell. We compareour GRLVQ experimentsto the results
providedby GSOM. In addition,we relateit to a GrassbegerProcaccianalysis.We
obtaincomparableesultsconcerningthe intrinsic dimensionalityof our data. In the
following, we will rst introduceour methodGRLVQ, presentapplicationgo simple
arti cial andreallife data,and nally discusgheresultsfor the satellitedata.

2 The GRLVQ Algorithm

Assumea nite training set of
trainingdatais givenandthe clusteringof thedatainto  classess to belearned.We
denotethe component®f a vector by in thefollowing. GLVQ
choosea x ednumberof vectorsin for eachclass,so calledprototypes.Denote
thesetof prototypesy andassigrthelabel to iff belongs



tothe thclass, . Thereceptie eld of isde nedby

Thetrainingalgorithmadaptgheprototypes suchthatfor eachclass
thecorrespondingrototypegepresentheclassasaccuratelyaspossible Thatmeans

the differenceof the pointsbelongingto the th class, , andthe
receptive elds of the correspondingrototypes, , shouldbe assmallaspos-
siblefor eachclass.For a givendatapoint denoteby somefunction

whichis negative if  is classi ed correct,i.e., it belongsto areceptie eld with
,andwhichis positiveif is classi edwrong,i.e.,it belongso areceptve eld
with . Denoteby somemonotonicallyincreasingunction. The
generakchemeof GLVQ consistdn minimizing theerrorterm

1)
via a stochastigradientdescent.
Givenanexample , theupdaterule of LVQ2.1is
where is theso-calledearningrateand is the nearestorrectprototype,

is the nearestincorrectprototype. Usually this updateis only performedif the

prototypesfall within a certainwindow of the decisionborder This updatecan be

obtainedasa stochastiggradientdescenbn the error function (1) if we choose as

, and beingthesquaredtuclidiandistance®f tothenearestorrect

or wrong prototype respectiely. is theidentity restrictedto the window of interest
and outside.

The concretechoiceof astheidentity and ,  beingthe squared

Euclidiandistanceof  to the nearesprototype,say , and if isclassied
correct, ,if is classi edwrong,wouldyield thestandard-VQ update

if

otherwise 2)
where . Notethattheconditionon of beingnegativeiff s classi ed

correctlyis hereviolated. Consequentlythe resultingfunction is highly discontinu-
ous. Hencethe usefulnesf this errorfunction canbe doubtedandthe corresponding
gradientdescenmethodwill likely shav instablebehavior.

Thechoiceof asthesigmoidalfunctionsgd and

where is the squaredEuclidiandistanceto the next prototypelabeledwith , say
, and is the squaredEuclidian distanceto the next prototypelabeledwith a
labelnotequalto ,say |, yieldsa particularpowerful andnoisetolerantbehaior



sinceit combinesaadaptatiomeartheoptimumBayesiarborderdike LVQ2.1,whereby
prohibiting the possibledivergenceof LVQZ2.1 asreportedin [29]. We refer to the
updateasGLVQ:

sgd sgd 3)

Obviously, the succesof GLVQ crucially dependson the factthat the Euclidian
metricis appropriatdfor the dataandthe input dimensionsareapproximatelyequally
scaledand equallyimportant. Here, we introduceinput weights

in orderto allow adifferentscalingof themputdlmenS|on§1encemak|ngpos-
sibly time consumingoreprocessingf thedatasuper uous.Substitutinghe Euclidian
metric by its scaledvariant

(4)

thereceptve eld of prototype becomes

Replacing by in the errorfunction in (1) yields a differentweightingof the
input dimensionsandhencean adaptivemetric Appropriateweightingfactors can
be determinecautomaticallyvia a stochastigradientdescenaswell. Hencetherule
(2) wheretherelevancefactors  of the metric areintegratedis accompaniedby the
update
if
otherwise

(5)

foreach ,where . We adda normalizationto obtain suchthatwe
avoid numericalinstabilitiesfor the weightingfactors. This updateconstitutesRLVQ
asproposedn [3].

We remarkthatthisupdatecanbeinterpretedn aHebbianway: Assumedhenear
estprototype is correctthenthoseweightingfactorsaredecreasednly slightly for
whichtheterm is small. Takingthenormalizatiorof theweightingfactors
into accountthe weightingfactorsareincreasedn this situationiff they contrituteto
the correctclassi cation. Corversely thosefactorsareincreasednostfor which the
term is largeif theclassi cationis wrong. Henceif the classi cationis
wrong, preciselythoseweightingfactorsareincreasedvhich do not contrituteto the
wrongclassi cation. Sincethe errorfunctionis not continuousn this casethis yields
merelya plausibleexplanationof the updaterule. However, it is not surprisingthatthe
methodshaws instabilitiesfor large datasetsvhich aresubjectto noiseaswe will see
later

We canapplythesameideato GLVQ. Thenthemodi cation of (3) whichinvolves
therelevancefactors of themetricis accompaniethy

sgd  ——— — (6)



foreach , and beingthe closestcorrector wrong prototype respectiely, and

and therespectie squareddistancesn the weightedEuclidianmetric. Again,
this is followed by normalization. We term this generalizatiorof RLVQ and GLVQ
generlizedrelevancelearning vector quantizationor GRLVQ, for short. Note that
theupdatecanbe motivatedintuitively by the Hebbparadigmakingthe normalization
into account:they comprisethe sametermsasin (5). Hencethoseweightingfactors
arereinforcedmost, which coefcients are closestto the respectie datapoint  if
this point is classi ed correct; otherwise,if  is classi ed wrong, thosefactorsare
reinforcedmost, which coefcients arefar away. The differencein (6) comparedo
(5) consistdn appropriatesituationdependentveightingsfor thetwo termsandin the
simultaneousipdateaccordingto the next correctandnext wrong prototype.Besides,
the updaterule obeys a gradientdynamicson the correspondinggrror function (1) as
we shav in theappendix.

Obviously, thesamedeacouldbeappliedto ary gradientdynamics.We could, for
example,minimize a differenterror function suchasthe Kullback-Leiblerdivergence
of thedistribution whichis to belearnedandthe distribution which is implementedy
the vectorquantizer Moreover, this approachs not limited to supervisedasks,we
could enlage unsupervisednethoddik e the neuralgasalgorithm[20] which obey a
gradientdynamicswith weightingfactorsin orderto obtainanadaptve metric.

3 Relationto previousreseach

Themaincharacteristicef GRLVQ asproposedn the previoussectionareasfollows:
The methodallows anadaptve metricvia scalingthe input dimensions.The metricis
restrictedto a diagonalmatrix. Theadvantagesarethe ef ciency of the method,inter
pretability of thematrix elementsasrelevancefactors,andthe correlatedossibility of
pruning. The updateproposedn GRLVQ is intuitive andef cient, atthe sametime a
thoroughmathematicafoundationcanbe found dueto the gradientdynamics.As we
will seein the next section,GRLVQ providesa robust classi cationsystemwhich is
appropriatdor real-life data.

Naturally, variousapproache the literatureconsiderthe questionsof an adap-
tive metric, input pruning, and dimensionalitydeterminationtoo. The mostsimilar
approachwe are aware of constituteddistinction sensitve LVQ (DSLVQ) [26]. The
methodintroducesveightingfactorstoo, andis basecbn LVQ3. Themainadwantages
of our iterative updateschemecomparedo the DSLVQ updatearethreefold: Our up-
dateis very intuitive andcanbe explainedwith Hebbianlearning;our methodis more
ef cient sincein DSLVQ eachupdatesteprequirestwice normalization;and, which
we believe is the mostimportantdifference our updateconstitutesa gradientdescent
on anerrorfunction, hencethe dynamicscanbe mathematicallyanalyzedanda clear
objective canbeidenti ed.

Recently Kaski et.al. proposedtwo different approachesvhich allow an adap-
tive metricfor unsupervisealusteringif additionalinformationin anauxiliary space
is available[17, 32]. Their focuslies on unsupervisectlusteringand they usethe
Bayesian-frame&ork in orderto derive appropriatealgorithm. The approachin [17]
explicitely adaptsthe metric, however it needsa modelfor explaining the auxiliary



data. Hence,we cannotapply the methodfor our purposegxplicit clustering,i.e. de-
velopingthe model. In [32] an explicit modelis no longernecessaryHowever, the
methodrelies on several statisticalassumptionsndis derived for soft clusteringin-
steadof exactLVQ. Onecouldborrow ideasfrom [32]. Alternatively to the statistical
scenarioGRLVQ proposesnotherdirect,ef cient, andintuitive approach.

Methodsasproposedn [13] andvariationsallow anadaptve metricfor otherclus-
teringalgorithmslik e fuzzy clustering.The algorithmin [13] evenallows a more e x-
ible metric with non-vanishingentriesoutsidethe diagonal;however, the algorithms
are naturally lessefcient andrequirea matrix inversion,for example. In addition,
well known methodslike RBF networks canbe put in the sameline sincethey can
provide a clusteringwith adaptie metricaswell. Commonly trainingis lessintuitive
andef cient thanGRLVQ. Moreover, amore e xible metricwhich doesnotrestrictto
adiagonalmatrix doesno longerproposea naturalpruningscheme.

Apartfromthe e xibility dueto anadaptve metric, GRLVQ providesasimpleway
of determiningwhich datadimensionsrerelevant: we canjust dropthosedimensions
with lowestweightingfactoruntil a considerabléncreaseof the classi cationerroris
obsened. Thisis acommonfeaturefor all methodsvhich determinaveightingfactors
describingthe metric. Alternatively, onecanusegeneraimethodsor determiningthe
dimensionalityof the datawhich arenot tted to theclassi er LVQ. Themostpopular
approacheareprobablylCA andPCA, asalreadymentioned15, 25]. Alternatively,
one could usethe abore mentionedGSOM algorithm[2]. However, becauseof its
remaininghypercubicalstructurethe resultsmay be inaccurate. Another methodis
to apply a Grassbeger-Procaccia-analysi® determinethe intrinsic dimension. This
methodis unfortunatelysensitve to noise[12, 38]. A wide varietyof relevancedeter
minationmethodsexistsin statisticsor in the supervisedheuralnetwork literature,e.g.
[9, 10, 11, 24, 28, 30, 31]. Thesemethodsnostlyfocusonthetaskof obtainingsparse
classi cationsandthey do not yield an adaptie metric which could be usedin self-
organizingmetric-basealgorithmslike LVQ andSOM. Hencea comparisorwith our
methodwhich primarily focuseson an adaptve metric for self-omganizingalgorithms
would beinteresting put beyondthe scopeof this article.

4 Experiments

Arti cial data

We rst testedGRLVQ on two arti cial datasetsfrom [3] in orderto compareit to
RLVQ. We refer to the setsasdata anddata , respectiely. The datacomprise
clusterswith small or large overlap,respectiely, of the clustersin two dimensionsas
depictedin Fig. 1. We embedthe pointsin asfollows: Assume is one
datapoint. Thenwe add dimensionsobtaininga point . We choose

, where comprisesioisewith a Gaussiardistribu-
tionwith variances , , ,and ,respectiely. ..., containpurenoise
whichis uniformly distributedin and or distributedaccordingo
Gaussiamoisewith variances and |, respectiely. We referto the noisy dataas
data anddata , respectiely. In eachrun, dataarerandomlyseparatedhto atraining
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Figurel: Arti cial datasetsconsistingof threeclassesvith two clusterseachandsmall
or largeoverlap,respectiely; only the rst two dimensionsaredepicted.

andtestsetof thesamesize. ischosemasconstant , ischoseras . Sincethe
weightingfactorsareupdatedn eachstepcomparedo theprototypesthelearningrate
for theweightingtermsshouldbesmallerthanthelearningratefor the prototypesPre-
trainingwith simpleLVQ till the prototypesearlycorvergeis mandatoryfor RLVQ,
otherwisetheclassi cationerroris usuallylargeandtheresultsarenotstable.lt is ad-
visableto train the prototypeswith GLVQ for afew epochseforeusingGRLVQ,
either, in orderto avoid instabilities. We use prototypedor eachclassaccordingto
the priorly known distribution. The resultson training andtestsetare comparablén
all runs,i.e. thetestsetaccurag is not worseor only slightly worsecomparedo the
accurag on the training set. GRLVQ obtainsaboutthe sameaccurag asRLVQ on
all datasets(seeTah 1) andclearlyindicateswhich dimensionsarelessimportantvia
assigningsmallweightingfactorsto thelessimportantdimensionavhich areknown in
theseexamples.Typical weightingfactorsarethevectors

RLVQ
GRLVQ

for data orthevectors

RLVQ
GRLVQ

for data , henceclearly separatinghe important rst two datadimensionsrom the
remaining dimensionof whichthe rst containsomeinformation. Thisis pointed
outvia a comparablylarge third weightingtermfor the seconddataset. The remain-
ing four dimensionscontainno informationat all. However, GRLVQ shows a faster
corvergenceandlargerstability comparedo RLVQ in particularif usedfor noisydata
setswith large overlapof the classessfor data . Therethe separatiorof theimpor-

tantdimensionss clearelin GRLVQ thanRLVQ. ConcernindRLVQ, pre-trainingwith

LVQ andsmalllearningratesweremandatoryin orderto ensurggoodresults;thesame
situationgurn out to belesscritical for GRLVQ, althoughit is advisableo choosethe
learningratefor the weightingtermsan orderof magnitudesmallerthanthe learning



| data data data data
LVQ 91-96 81-89 79-86 56-70
RLVQ 91-96 90-96 80-86 79-86
GRLVQ | 94-97 93-97 83-87 83-86

Tablel: Percentagef correctlyclassi edpatterngmaximum ) for thetwo arti cial
training data,data anddata , with andwithout additionalnoisy dimensionsand
RLVQ or GRLVQ, respectiely.

ratefor the prototypeupdate. Theseresultsindicatethat GRLVQ is particularlywell
suitedfor noisyreallife datasets.Basedontheaboreweightingfactorsonecanobtain
a ranking of the input dimensionsanddrop all but the rst two dimensionswithout
increasingheclassi cationerror.

Iris data

In asecondestwe appliedGRLVQ to thewell known Iris datasetprovidedin the UCI
repositoryof machinelearning[4]. Thetaskis to predictthreeclasse®f plantsbased
on numericalattributesin instancesij.e., we dealwith datapointsin with
labelsin . Both,LVQ andRLVQ obtainanaccurag of about ~ for atraining
andtestsetif trainedwith prototypesfor eachclass.RLVQ shaws a slightly cyclic
behaior in the limit, the accurag changingbetween and . The computed
weightingfactorsfor RLVQ are

RLVQ

indicatingthatbasednthelastdimensioraverygoodclassi cationwouldbepossible.
If moredimensionsvould betakeninto accounta betteraccurag of about  would

bepossibleasreportedn theliterature.We couldnotproducesuchasolutionwith LVQ

or RLVQ. Moreover, a perfectrecognitionof would correspondo over tting since
the datacomprisessmall noiseasreportedin the literature. GRLVQ yields the better
accurag of atleast on the training aswell asthe testsetandobtainsweighting
factorsof theform

GRLVQ
hencejndicatingthatthelastdimensionis mostimportantasalreadyfoundby RLVQ,
anddimension contritutesto a betteraccurag which hasnot beenpointedout by
RLVQ. Notethattheresultobtainedoy GRLVQ is in coincidencevith resultsobtained
e.g.with rule extractionfrom feedforwardnetworks|[6].

Satellite data

Finally, we appliedthealgorithmto alargerealworld dataset: a multi-spectraLAND-
SAT TM satelliteimageof the Coloradoarea! Satellitesof LANDSAT-TM type pro-
ducepicturesof theearthin 7 differentspectrabands.The groundresolutionin meter

1Thanksto M. Augusteijn(University of Colorado)for providing thisimage.



| LVQ RLVQ GLVQ GRLVQ
mean(train) 85.21 86.1 87.32 91.08
variance(train) | 0.59  0.18 0.17 0.11
mean(test) 85.2 86.36 87.28 91.04
variance(test) | 0.46  0.16 0.1 0.13

Table2: Percentagef correctlyclassi edpatterndmaximum ) andvarianceof the
runson the satellitedataobtainedn a 10-fold-crosswalidation.

is for the bandsl-5 andband7. Band6 (thermalband)hasa resolutionof
only and, thereforejit is often dropped. The spectralbandsrepresentiseful

domainsof the whole spectrumin orderto detectanddiscriminatevegetation,water
rock formationsandculturalfeatureg5, 22]. Hence the spectrainformation,i.e., the
intensityof the bandsassociatedavith eachpixel of a LANDSAT scenejs represented
by avectorin  with . Generallythebandsarehighly correlated1, 35]. Ad-
ditionally, the Coloradoimageis completelylabeledby experts. Thereare labels
describingdifferent vegetationtypesand geologicalformations. Thereby the label
probabilityvariesin awide range[36]. Thesizeof theimageis pixels.

We trainedRLVQ and GRLVQ with  prototypes( for eachclass)on of
the datasettill corvergence.The algorithmcorvergedin lessthan  cyclesif and

werechosenas  and , respectiely, asbefore. RLVQ yields an accurag
of about on the training dataaswell asthe entire dataset, however, it doesnot
provide a ranking of the prototypesi.e. all weightingtermsare closeto their initial
value . GRLVQ leadsto the betteraccuray of on the training setaswell
asthe entiredatasetandprovidesa clearrankingof the several datadimensions.See
Table 2 for a comparisonof the resultsobtainedby the variousalgorithms. In all
experimentsdimension is rankedasleastimportantwith weightingfactorcloseto .
Theweightingfactorsapproximate

GRLVQ

in severalruns. This weightingclearly separateshe rst two dimensionsvia a small
weightingfactor If we prunedimension , , and , still anaccurag of canbe
achieved. Hencethis indicates thatthe intrinsic datadimensionis at most . Pruning
oneadditionaldatadimensiondimension still allowsanaccurag of morethan ,
hencendicatingthattheintrinsicdimensiommaybeevenlower andtherelevantdirec-
tions are not parallelto the axesor even curved. Theseresultsarevisualizedin Fig.
2 wherethe misclassi edpixelsin the respectie casesarecoloredin black,the other
pixelsarecoloredcorrespondingo their respectie class.

For comparisonwe applieda GrassbagerProcaccia-analysiandthe GSOM ap-
proach.The rst estimategheintrinsic dimensionas whereaslGSOM
generatea latticeof shape , henceindicatinganintrinsicdimensiorbetween

and . Thesemethodsshav a goodagreementvith the drasticlossof informationif
morethan dimensionsareprunedwith GRLVQ.
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Figure 2: Colorado-satellite-imagethe pixels are colored accordingto the labels;
above-left: original labeling; above-right: GRLVQ without pruning; below-left: GR-
LVQ with pruningof dimensions , , ; belown-right: GRLVQ with pruningof di-
mensionsMisclassi ed pixelsin the GRLVQ-generatedmagesareblackcolored.(A
coloredversionof theimagecanbe obtainedfrom theauthorson request.)

5 Conclusions

The presentectlusteringalgorithm GRLVQ providesa new robust methodfor auto-
matically adaptingthe Euclidian metric usedfor clusteringto the data, determining
the relevanceof the several input dimensionsfor the overall classi er, and estimat-
ing the intrinsic dimensionof data. It reducegheinput dimensionsntothe essential
parametersvhichis demandedo obtainoptimalnetwork structuresThis is animpor-
tant feature,if the network is usedto reducethe dataamountto subsequensystems
in complex dataanalysistasksaswe can nd in medicalapplications(imageanaly-
sis) or satelliteremotesensingsystemsfor example. Here,the reductionof datato
betransferreds oneof the mostimportantfeatureshowever, preservinghe essential
informationin the data.

The GRLVQ-algorithmwas successfullytestedon arti cial aswell asrealworld
data,a large and noisy satellite multi-spectralimage. A comparisonwith other ap-
proachewalidategheresultsevenin reallife applications.

It shouldbe notedthatthe GRLVQ algorithmcanbe easilyadaptedo othertypes

11



of neuralvectorquantizersasneuralgasor SOM,to mentionjustafew. Furthermoreit
is clearthatif we assumeanunknownn probability distribution of thelabelsfor a given
dataset,the herediscussedariantof GRLVQ triesto maximizethe Kullback-Leibler
divergence.Hence,we canstatefor this featuresomesimilaritiesin our approacho
thework of Kaski[17, 32).

Furtherconsiderationsf GRLVQ shouldincorporaténformationtheoryapproaches
like entropy maximizationto improve the capabilitiesof the network.
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Appendix

Thegenerakerrorfunction(1) hasherethe speciaform

sgd ——
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and  beingthe quadraticweighteddistanceto the closestcorrector wrong pro-

totype, and , respectrely. For corveniencewe denote and
. Assumedatacomefrom a distribution  on theinput
space andalabelingfunction . Thenthe continuousversion

of theerrorfunctionreadsas
sgd ——

We assumehatthe sets aremeasurableThanwe canwrite the
errortermin thefollowing way:

sgd (7
where denotesthe indicesof prototypeslabeledwith denotesthe
indicesof prototypeshotlabeledwith isanindicatorfunctionfor ~ beingthe
closesprototypeto amongthoselabeledwith , and is anindicatorfunction
for  beingtheclosestprototypeto amongthosenotlabeledwith . Denoteby H
theHeaviside function. Denoteby or thenumberof prototypedabeled

with or notlabeledwith |, respectiely. Thenwe nd
H H

and

H H

The derivative of the Heaviside functionis the deltafunction which is a symmetric
functionwith for and .

We areinterestedn the derivative of (7) with respectto every  andevery ,
respectiely. Assume isthelabelof . Thenthederivative of (7) with respecto
yields:

sgd (8)
sgd 9)
sgd (20)
sgd (12)

15



(8) and(9) correspondipto aconstantactorto theupdate(3). (10)and(11) vanishdue
to the following reason: Denoteby thetermsgd ——
Theintegrandin (10) yields

sgd

Thistermvanishessince is symmetricandnon-vanishingonly for and
, respectiely. In thesameway; it canbe seerthateachintegrandof (11) vanishes.
Thederiative of (7) with respecto  canbe computedas

sgd — (12)
13)

sgd (14)
— — (15)

(12)and(13)correspondo theupdatefor in (5). (14)and(15) vanishsincewe obtain
for theintegrandthefollowing equation:

Again, thisis zerobecausef the symmetryof andthefact,that is non-vanishing
only for and , respectiely. Hencethe updateof GRLVQ constitutesa
stochastigradientdescentnethodwith appropriatechoicesof thelearningrates.
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