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Abstract. We derive a generalization bound for prototype-based classifiers with
adaptive metric. The bound depends on the margin of the classifier and is indepen-
dent of the dimensionality of the data. It holds for classifiers based on the Euclidean
metric extended by adaptive relevance terms. In particular, the result holds for
relevance learning vector quantization (RLVQ) [4] and generalized relevance learning
vector quantization (GRLVQ) [19].
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1. Introduction

Learning Vector Quantization (LVQ) as proposed by Kohonen and al-
ternative prototype-based classifiers constitute intuitive and powerful
learning algorithms [6, 23, 24]. They show excellent generalization for
unseen data for high-dimensional inputs. A theoretical explanation for
this fact has recently been established [9]: LVQ generalization bounds
have been derived, which do not depend on the input dimensional-
ity but only on the so-called hypothesis margin. Thus LVQ networks
can be interpreted as learning algorithms which aim at structural risk
minimization comparable to support vector machines (SVMs) [8]. LVQ
provides solutions in terms of prototypical vectors, whereas SVM leads
to classifiers expressed in terms of support vectors which are points at
the borders of the classification constraints.

Prototype-based classifiers crucially depend on the representation of

the data and on the metric structure of the input space. Usually, the

';ﬁ © 2004 Kluwer Academic Publishers. Printed in the Netherlands.
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Generalization ability of GRLVQ 3

Euclidean metric is chosen. LVQ and variants fail if this metric is not
appropriate for the given data and the learning task. High-dimensional
and heterogeneous data cause a problem for the learning: irrelevant
dimensions and accumulated noise can easily disrupt relevant informa-
tion for classification. To overcome this problem, several algorithms
which substitute the standard Euclidean metric by an adaptive version
have been proposed: the algorithms of Gustafson and Kessel or Gath
and Geva extend the unsupervised prototype-based k-means clustering
algorithm to an adaptive metric described by a full matrix [3, 11, 15].
Further modifications of classical k-means use more complex cluster
shapes such as fuzzy-k-varieties or fuzzy-k-shell [10]. Many statistical
approaches offer a uniform method to determine the relevance of the
inputs, see e.g. [12, 13, 36]. Several methods extend the unsupervised
self-organizing map and variants to alternative metrics such as [14, 25].
Metric adaptation of SOM can be based on auxiliar information or
class labels as recently proposed by Kaski and, earlier, by Cherkassky,
Mulier and coworkers [7, 21, 22, 27]. Approaches which equip super-
vised LVQ with an adaptive diagonal metric have also been presented
[4, 19, 30]. Particularly, generalized relevance learning vector quanti-
zation (GRLVQ) as introduced in [19] has proven to be successful in
various application areas such as processing satellite images or time
series prediction [17, 35, 41]. Thus, the choice of a correct metric is an
important issue of prototype-based approaches.

Another issue of prototype-based classifiers is the stability of the
learning procedure. Basic LVQ tends to be unstable for overlapping
classes. Variants like LVQ2.1 and LVQ3 as proposed by Kohonen re-
strict the update dynamics to a local window to partially prevent the
divergence, however, a correct parameter choice and training is still
tricky and only based on heuristics [24]. The question whether one
can design an appropriate cost function for variants of LVQ, which is

optimized during training and thus characterizes its dynamic behavior,
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4 Hammer, Strickert, Villmann

is closely related to the design of stable variants of LVQ. The earliest
proposal of a cost function of LVQ can be found in [32]. As discussed in
the article [32], basic LVQ and LVQ2.1 obey cost functions which are
discontinuous at the borders of the receptive fields causing instability
of these methods for overlapping classes. The authors also propose an
alternative formulation which yields a learning rule quite similar to
LVQ2.1, generalized LVQ (GLVQ) [32]. As shown in [33], GLVQ pre-
vents instabilities; it is explicitely computed in [17] that the derivatives
of this cost function are well defined also for the class borders. A recent
alternative cost function has been proposed in [34], which gives as a
limit case another learning rule quite similar to LVQ. As pointed out
in [40], the cost function can be extended to metric adaptation involving
relevance updates comparable to GRLVQ. We would like to mention
that the discussion of a cost function of LVQ is related to the discussion
of a cost function for the unsupervised self-organizing map, see e.g. [20].

Extensions of LVQ, which are derived from a cost function or which
incorporate alternative, possibly adaptive metrics, are only slightly
more complex than original LVQ. These learning algorithms share the
intuitive Hebbian update rules and the representation of the classifier in
terms of characteristic prototypes. Some extensions of LV(Q), however,
provide much better classification accuracy or stability than the original
version, see e.g. [4, 19]. In particular, a problem-adjustable metric in
combination with LV(Q can adequately deal with high-dimensional and
heterogeneous data. The extension GRLVQ), which includes an adap-
tive diagonal metric and the cost function of GLVQ, even achieved a
classification accuracy competitive to the SVM in a large scale problem
from computational biology [18]. The question occurs, which improve-
ments of LVQ can also be supported by a theoretical counterpart to
accompany the empirical findings of previous work. The theoretical
large margin bound on the generalization ability of LVQ, as derived in

[9], does not transfer to the case of an adaptive metrics. Moreover, it
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Generalization ability of GRLVQ 5

is not clear, which cost function shall be preferred with respect to the
generalization ability of the classifier. Hence, no theoretical justification
for the excellent generalization ability of some of these extended LVQ
networks with adaptive metric is available so far.

The aim of this paper is to give a theoretical guarantee that ex-
tensions of simple LVQ by adaptive diagonal metrics possess similar
generalization ability as standard LVQ; additionally, they are more
flexible due to their adaptive metric parameters. The bounds which
we get are dimensionality independent large margin bounds, and we
will derive a connection of the cost function of GRLVQ to large margin
optimization. The cost function of GLVQ and GRLVQ has been mainly
designed to achieve greater stability. Thus this connection to large
margin optimization is interesting since it shows that, as a side effect,
this formulation aims at structural risk minimization during training.

The paper is structured as follows: first, we will formally introduce
LVQ classifiers and some extensions. Afterwards, we derive a large mar-
gin bound for LVQ classifiers with adaptive diagonal metric. This bound
holds for the function class given by prototype-based classifiers and
adaptive metric, independent of the particular training algorithm. We
will point out, however, that the specific training algorithms GLV(Q and
GRLVQ include the margin as a term of their respective cost function.
Hence, these specific variants can be interpreted as margin maximiza-
tion algorithms. Finally, we discuss in which aspects our findings extend
previous work, what the practical consequences of these theoretical
bounds are, and what the relations between LVQ-type learning and
SVM are.

2. Generalized learning vector quantization

Assume that a finite training set {(z%,y;) C R* x {1,...,C}|i =

1,...,m} is given. Classes are enumerated by 1, ..., C and R" denotes
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6 Hammer, Strickert, Villmann

the potentially high-dimensional data space. Denote by X = {z’ |i =
1,...,m} all input signals of the training set. Components of a vector
x € R" are referred to by subscripts, i.e., = (z1,...,%,). Learning
vector quantization (LVQ), as introduced by Kohonen [23], represents
every class ¢ by a set W (c) of weight vectors (prototypes) in R”. Weight
vectors are denoted by w” and their respective class label is referred to
by ¢,.. A new signal x € R” is classified by the winner-takes-all rule of

an LVQ network, i.e.
z + ¢(z) = ¢, such that d(z,w") is minimum. (1)

d(z,w") = ||z —w"||> = ¥ (z; — wl)? denotes the squared Euclidean
distance of the data point x to the prototype w”. The respective closest

prototype w” is called winner or best matching unit. The subset
Q, = {2 € X | d(z",w") is minimum}

is called receptive field of neuron w".

The training algorithm of LVQ aims at minimizing the classification
error on the given training set. l.e., the difference between the set of
points belonging to the cth class, {z' € X | y; = ¢} and the receptive
fields of the corresponding prototypes, Uwrew(c) Q,, is minimized by
the adaptation process. Training iteratively presents randomly chosen
data from the training set and adapts the closest prototype by Hebbian
learning in the following way: if a vector z* is presented, the update
rule for the winner w" has the form

e-(zt —w") if ¢ = c(a)
—e- (2 —w") otherwise.

AwT:{

e € (0,1) is an appropriate learning rate. As explained in [32], this
update can be interpreted as a stochastic gradient descent on the cost

function

Costivg = Y fuvq(dr+,d,-).
rteX
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d,+ denotes the squared Euclidean distance of z* to the closest proto-
type w"™" labeled with ¢+ = Y;, and d,— denotes the squared Euclidean
distance to the closest prototype w™ labeled with a label c,- different
from y;. For standard LVQ, the function is

fivq(de+,d,-) = { Cﬁ};_ i)fﬂcfgwfisgr
Obviously, this cost function is highly discontinuous, and instabilities
arise for overlapping data distributions.

Various alternatives have been proposed which substitute the train-
ing rule of LVQ by another in order to achieve more stable training
in case of overlapping classes or noisy data. Kohonen’s LVQ2.1 op-
timizes the cost function which is obtained by setting in the above
sum frvqe.1(dy+,d.-) = Iy(d,+ — d,-), whereby I, yields the identity
inside a window where LVQ2.1 adaptation takes place, and I, vanishes
outside. Still this choice might produce an instable dynamic, and the
window where adaptation takes place must be chosen carefully. Gen-
eralized LVQ (GLVQ) constitutes a stable alternative to LVQ2.1 [32].
The respective cost function can be obtained by setting

dpr — dr_>

dp+,d.-) =sgd
fGLVQ( 7'+’ T ) Sg (dr++dr

whereby sgd(z) = (1 + exp(—z))~! denotes the logistic function. As
discussed in [33], the additional scaling factors avoid numerical in-
stabilities and divergent behavior. We omit the update formulas for
the prototypes for LVQ2.1 and GLVQ, which are obtained taking the
derivative [24, 32].

Recently, it has been shown that the term

; - i +
(2" —w" || = [z =" [)/2

constitutes the so-called hypothesis margin of a prototype-based clas-
sifier according to the winner-takes-all rule (1). The hypothesis margin

refers to the distance in an appropriate norm, which the classifier can
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8 Hammer, Strickert, Villmann

alter without changing the classification. Generalization bounds which
depend on this hypothesis margin have been derived in [9]. Note that
LVQ2.1 and GLVQ express this margin in terms of their cost func-
tions, hence, they can be interpreted as margin optimization learning
algorithms.

The winner-takes-all classification (1) used by the above networks
crucially depend on the Euclidean metric, which may lead to inaccurate
results for high-dimensional or heterogeneous data. A very simple and
powerful extension introduces relevance terms which weight the input
dimensions appropriately, i.e. the squared Euclidean metric d(z,y) =

||z — y||? is substituted by the weighted metric,
n

Az, y) =D Nilzi — yi)?
i=1

whereby A\; > 0 and the relevance vector is normalized to >, \; = 1.
The classification of a data point x is given by the modified winner-

takes-all rule
z + ¢(z) = ¢, such that d*(z,w") is minimum. (2)

Appropriate scaling terms \; allow to choose small relevance factors
for less relevant or noisy dimensions. Since appropriate relevances are
not a priori known, they are also adapted during training. Relevance
learning vector quantization (RLVQ), as introduced in [4], constitutes
a stochastic gradient descent on the cost function corresponding to
simple LVQ

Costrivg = Y fivq(d)s,d)-)
rieX

whereby d;}+ and di‘, refer to distance of the closest prototypes from
z' now measured with respect to the squared weighted Euclidean norm
with the same or a different class label. Generalized relevance learning
vector quantization minimizes the cost function which is obtained for

>, —d
dM d ) =sod [ 2T
fGLVQ( o Gp ) Sg <d7)_‘+ +d7%‘_)
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Generalization ability of GRLVQ 9

depending on the weighted Euclidean distances d:‘+ and di‘_. Again, we
omit the update formulas for prototypes and relevance terms for RLVQ
and GRLVQ, which are obtained taking the derivatives of the above
functions [4, 19].

The generalization bound derived in the article [9] holds for all
prototype-based classifiers for which the classification rule is given
by (1). The bound does no longer hold for prototype-based classifiers
with classification rule (2) exhibiting changing parameters A during
training. We will derive a large margin generalization bound for the

latter case in the following.

3. Generalization bounds

The generalization ability of a classifier refers to the comparison of the
training error with the expected error for new data. There are various
ways to formalize and prove the generalization ability of classifiers,
such as the popular VC-theory [39] or recent argumentation based
on Rademacher and Gaussian complexity [2]. Here, we consider the
situation of binary classification problems, i.e. only two classes are
given, and we assume the classes are labeled 1 and —1. Assume an
(unknown) probability measure P is given on R” x {—1,1}. Training
samples (z,1;) are drawn independently and identically distributed
(ii.d. for short) from R™ x {—1,1}. P™ refers to the product of P if
m examples (z',41), ..., (™, ym) are chosen. The unknown regularity
shall be learned by a GRLVQ-network or some other prototype-based
classifier with adaptive diagonal metric. The classifier is characterized
by its set of prototypes w!, ..., wP in R* (p denoting the number of
prototypes) and the relevance terms Aq, ..., A, which describe the

weighted metric. The function computed by the classifier is given by
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10 Hammer, Strickert, Villmann

the winner-takes-all rule defined in (2). Denote by

F={f:R*— {-1,1} | f is given by (2) depending on
wh, ..., wP, A € R}
the class of functions which can be computed by such a network. The

goal of learning is to find a function f € F for which the probability

Ep(f) := Py # f(2))

is minimum. Since the underlying regularity P is not known and only
examples (z, ;) are available for characterizing this regularity, training

tries to minimize the empirical training error
R m
En(f) = 3 lyzpan/m
i=1

whereby 1, F(z?) indicates whether z* is mapped to the desired class y;
or not. Generalization means that F,,(f) is representative for E'(f) with
high probability if the examples are chosen according to P™ such that
optimization of the empirical training error will eventually approximate
the underlying regularity.

Due to the chosen cost function, GRLVQ minimizes the training
error and, in addition, also optimizes the margin of the classifier during
training. Given a point z with desired output y, we define the margin

as the value

My(z,y) = —dN +dM

whereby di‘+ refers to the squared weighted distance of the closest
prototype of the same class as z, and df,‘_ refers to the squared weighted
distance of the closest prototype labeled with a different class from x.
is classified incorrectly iff M (x,y) is negative. Otherwise, z is classified
correctly with ‘security’ margin My(z,y). Due to the choice of the cost
function of GRLVQ which involves this term within the denominator,

GRLVQ aims at maximizing this margin. Following the approach [2]
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we define the loss function

1 ift<0
L:R—)R,tr—){l—t/p fo<t<p
0 otherwise
for fixed p > 0. The term
A~ m .
EL(f) =Y L(My(a',y:)) [m
i=1

accumulates the number of errors made by f and, in addition, punishes
all correctly classified points, if their margin is smaller than p.

We will show now that this modified empirical error, which also
includes the margin, is representative for the true error with high prob-
ability, whereby a bound independent from dimensionality is obtained.
We assume that the support of the probability measure P is bounded,
i.e. that for all data points x the inequality

=]l < B

holds for some B > 0, || - || denoting the standard Euclidean metric. In
addition, all prototypes w are restricted by

[wll < B.

According to [2](Theorem 7) we can estimate for all f € F with
probability at least 1 — /2
. 2K In(4/0
Be(f) < BH) + 2 Gu(F) +[ o)

2m

whereby K is a universal positive constant and G,,(F) is the so-called
Gaussian complexity of the considered function class which we now
define. The empirical Gaussian complexity is given by
m

3Zgi'f(ﬂci)

ém(]:) = Eg Jeesm (Sup
1 mi=

feF

for which expectation is taken with respect to independent Gaussian

variables g1, ..., gm with zero mean and unit variance. The Gaussian
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12 Hammer, Strickert, Villmann

complexity is the expectation over the i.i.d. points z* according to the
marginal distribution induced by P: G (F) = Eg__ymGm(F). Both
complexities measure the richness of the function class F and constitute
convenient alternatives to the standard VC-dimension which can also
be estimated for prototype-based classifiers.

The classification given by the winner-takes-all rule (2) can be refor-
mulated as fixed Boolean formula over terms of the form d —d?; with
di‘,- and di‘j constituting the weighted squared Euclidean distance of a
given input z to two prototypes w® and w’ with different class labels.
Note that the number of such terms is upper bounded by p-(p—1)/2 if p
prototypes are available within the classifier. According to [2](Theorem
16) we find

Gm(F) <p-(p—1) Gm(Fyj)

whereby F;; denotes the restricted class of classifiers which can be
implemented with only two prototypes w® and w’ with different class
label. Denote by A the diagonal matrix of relevance terms. Then we
find
dy —dp; <0 | | |

= (z—w" ) A-(z—w")—(z—w")-A-(z—w") <0

= 2-(A-w' —Aw )zt (W) Aw” — (W) A w™ >0
Hence, we can embed F;; into the class of functions implemented by a
simple perceptron or a linear classifier. Since ||z|| < B, the length of
inputs to the linear classifier can be restricted by B + 1 (including the
bias term). Since all prototypes w are restricted by ||w|| < B and the
relevance terms add up to 1, the size of the weights of the linear classifier
is restricted by 4B + 2B2. The empirical Gaussian complexity of this
class of linear classifiers can be estimated according to [2](Lemma 22)

by
4-B-(B+1)-(B+2)-ym

m

Since the empirical Gaussian complexity and the Gaussian complexity

differ by more than e with probability at most 2-exp(—e>m/8) according
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to [2](Theorem 11), we can estimate

Ep(f) < EL(f) +

8K -plp —1)B(B+1)(B+2)vm <1+8K-p(p—1)) In4/§
p-m p 2m

with probability of at least 1 — §. This term limits the generalization

error for all classifiers of the form (2) with adaptive metric if only two
classes are dealt with and inputs and weights are restricted by B.
Note that this bound is independent of the dimensionality n of the
data. It scales inversely to the margin p, i.e. the larger the margin the
better the generalization ability. This generalization bound holds for all
prototype-based classifiers which implement the winner-takes-all rule
(2) with possibly adaptive relevance terms A. In particular, it holds for
the functions obtained by the algorithms RLVQ and GRLVQ. In addi-
tion, the bound indicates that GRLVQ includes the objective of struc-
tural risk minimization during training because a term which describes

the margin is directly contained in the cost function of GRLVQ.

4. Discussion

We have derived a large margin bound on the generalization ability of
prototype-based classifiers including adaptive metric parameters. The
achieved bound is comparable to the bound obtained in [9] for simple
LVQ. On the one hand side, this argumentation proposes a theoretical
foundation for the — in practice highly efficient though simple — exten-
sion of standard LVQ to an adaptive diagonal metric that is used in
RLVQ and GRLVQ. On the other hand, the argumentation indicates
that the cost function of GRLV(Q leads, besides the improved stability
and robustness of the algorithm, to structural risk optimization during
training.

We would like to discuss a few points in more detail. The work [9]

derives large margin bounds for prototype-based classifiers, in partic-
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14 Hammer, Strickert, Villmann

ular for LVQ-type networks. However, the bounds hold for the Eu-
clidean metric and do not cover the case of adaptive metric param-
eters. There exist related discussions in the SVM-community about
how SVM-kernels can be adapted according to given data, and for
which adaptations theoretical generalization bounds still hold, see e.g.
[5]. Apart from the work [9], bounds on the generalization ability of
prototype-based classifiers have already previously been derived based
on estimations of the growth function, see e.g. [31]. These bounds,
however, assume the prototypes to be fixed. Thus, they do not apply
to LVQ-type learning for which the prototype position is optimized
based on the given labeled training data. One strength of LVQ and the
discussed variants is that the prototypes and metric parameters are
determined during training to give optimum classification accuracy on
the training set. The bounds derived above apply to this case.

We have shown that an adaptive diagonal metric does not increase
the bounds on the generalization error, although the flexibility of the
classifier is extended. For more general metrics such as a full matrix
the generalization bounds are not clear. Thus, if a diagonal metric
is used, the classification accuracy can increase significantly and one
remains on the ‘save side’ with respect to the generalization ability. In
addition, we have shown that the term —d7>n‘+ + di‘, can be interpreted
as margin and plays an important role in the generalization ability
of the classifier. Thus cost functions which include this term in the
formulation also optimize the margin during training. For alternative
cost functions such as [34], this is not clear. As a consequence, the
combination of the cost function of GLVQ [32] and relevance learning
seems a good idea from the point of learning theory. This supports the
experimental finding that GRLVQ often yields accurate and efficient
classification [17, 18, 19, 35, 41].

In principle, tight bounds from learning theory on the generalization

error could also be valuable for model selection and tuning of hyper-
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parameters such as learning rate, etc. So far, hyperparameter tuning is
often done by crossvalidation, i.e. the average test error on a hold-out
set serves as estimation of the generalization error of a fixed setting. The
hyperparameters with lowest estimated generalization error are then
chosen. Learning theory offers alternative bounds on the generalization

error of the form

Ep(f) < Ep(f) + estimation of the structural risk (),

which do not require a hold-out set and which are less sensitive to the
actual data distribution in the training set. A successful application of
this principle has been proposed e.g. in [31]. However, too loose bounds
on the structural risk might be misleading and the method is not
applicable then. Alternative proposals from learning theory closer to
the actual distribution of the data such as [1] or simple cross-validation
might yield more reliable results in such cases.

Here, we obtain a result of the form (x) for GRLVQ networks. How-
ever, since the focus of this work is the principled theoretical support
of existing models, an empirical test of the tightness of this bound is
beyond the scope of this article. Note that it would be necessary to
substitute the universal constant involved in the bound in this case.

Besides LVQ), alternative large margin classifiers exist. Among them,
SVM is supposed to be one of the best classification and regression mod-
els available today and, unlike LV(Q) variants, it is directly based on the
principle of structural risk minimization in a sound mathematical way
[38]. However, the experiences from the StatLog project clearly indicate
that there is no single best algorithm for every type of classification
problem and the method of choice highly depends on the given cir-
cumstances [28]. Also for simple problems, alternative methods might
give better, simpler, or more efficient solutions than other particularly

popular ones, demonstrated e.g. for SVM and the set covering machine
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16 Hammer, Strickert, Villmann

in [26]. Thus, it is worthwhile to develop and investigate alternatives
to SVM.

LVQ-type classifiers have been designed as simple and intuitive clas-
sification methods, and variants show quite good performance in prac-
tice [17, 18, 24]. Since they have not explicitely been designed for large
margin optimization, it is interesting to see that large margin bounds
can be derived also for these models. Good generalization ability can
be expected for these classifiers, because some training methods involve
large margin optimization related to the associated cost function.

What could be benefits of prototype-based methods compared to
SVM? Unlike SVM, LVQ expresses a solution in terms of prototypes,
i.e. typical positions within the data space. SVM expands solutions
in terms of support vectors which are positions at the borders of the
constraints given by atypical positions or wrongly classified points.
Depending on the area of application, an expansion in terms of atypical
vectors might not be the best solution. On the one hand side, a solution
in terms of prototypes can be more natural for a human investigator,
and GRLVQ and variants allow to directly extract an approximation
of their behavior in terms of a decision tree [16]. Thus prototype-based
classifiers are interesting if further insight into the classifier is neces-
sary for some reason, e.g. a human-understandable explanation of the
classification is desired in decision support systems. On the other hand,
if large data sets are dealt with, solutions in terms of prototypes are
often sparser than solutions provided by SVM. The number of support
vectors is typically a fraction of the training set size and large datasets
yield quite complex solutions. The size of LVQ networks depends on
the number of modes in the underlying data distribution and it can
be controlled independent of the training set size. In practice, GRLVQ
training time scales linearly with respect to the number of data points.
The classifier size and the classification time is constant with respect to

the training set size. This has been demonstrated in comparison to SVM

gen.tex; 14/04/2004; 20:28; p.16



Generalization ability of GRLVQ 17

results for a large benchmark problem in computational biology, for

which GRLVQ yields solutions with the same accuracy as a comparable

SVM, but of which the size is up to a factor 100 smaller depending on

the training set size [18].

Naturally, we do not claim that GRLVQ is the best solution for

such cases and interesting alternatives which combine SVM principles

with prototype-based learning like the relevance vector machine exist

[37]. However, GRLVQ constitutes a simple, intuitive, and efficient

algorithm with theoretical guarantees as shown in this article, which

might be worth trying.

10.
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