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Abstract: The capability of recurrent neural networks of approximating functions
from lists of real vectors to a real vector space is examined:

Any measurable function can be approximated in probability. Additionally, bounds
on the resources sufficient for an approximation can be derived in interesting cases.
On the contrary, there exist computable mappings on symbolic data which cannot be
approximated in the maximum norm. For restricted input length, some continuous
functions on real valued sequences need a number of neurons increasing at least
linearly in the input length.

On unary sequences, any mapping with bounded range can be approximated in the
maximum norm. Consequently, standard sigmoidal networks can compute any map-
ping on offline inputs as a computational model.
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1 Introduction

Recurrent networks are discrete time dynamical systems dealing with sequences of input
vectors. They can be used in different ways:

They can serve as a computational function which computes on words, i.e. lists with
elements of a finite alphabet. These are accepted or rejected after some time if a spec-
ified output unit returns a value corresponding to ‘yes’ or ‘no’, respectively. The fact
that a computation does not terminate can be specified in this formalism as well. As a
computational model recurrent neural networks are Turing universal [11, 18], for special
activation functions they can compute every function [17]. These results demonstrate
the power of recurrent networks from a theoretical point of view. However, this is purely
theoretically because neural computers of this type do not exist up to now.

A second possibility is to use recurrent networks for the approximation of dynamical
systems, e.g. in control theory. Here a nonlinear plant which may be specified by its input-
output behavior is modeled by a neural network [15]. For example in [20] it is shown that
every dynamical system with continuous transition function can be approximated on a
compact input set and time interval because the transition function can be approximated
by a standard network arbitrarily well.



A third view is to consider recurrent networks simply as functions that map an input
sequence to a real value. The data may be produced by a dynamical system but it can be
in principle the output of any function on sequences. In particular, the mapping which is
to be approximated is not presented in a recursive form a priori. In practical applications
this scenario takes place if structural data, time series or lists are to be considered and the
advantage of recurrent networks to deal with inputs of arbitrary length is used [14]. In
fact, recurrent networks can be generalized in a natural way to so called folding networks
which take not only sequences but more complex structured objects, labeled trees, as
inputs. This is a very promising approach which has applications in classical symbolic
areas: term classification and theorem proving [5, 16]. In this scenario, recurrent networks
and folding networks offer the possibility of using neural and subsymbolic methods in the
domain of structured, symbolic, or hybrid data [4].

Here we deal with the third setting and consider the capability of recurrent networks
of approximating an unknown function in principle. This capability together with the
learnability of recurrent networks established for example in [6] and the existence of
learning algorithms [21, 8] justify the use of recurrent networks in practical applications.

Now we proceed as follows: After defining recurrent networks formally we proof their
capability of approximating any measurable mapping in probability. If only a finite set of
data is dealt with, explicit bounds on the number of neurons can be found. Afterwards,
the approximation capability in the maximum norm is considered. There exist functions
that cannot be approximated in the maximum norm. If the range is unlimited, this
situation can be found even if we restrict to sequences with inputs from a unary alphabet.
For limited range this situation may take place for binary sequences, whereas any function
on unary sequences can be approximated. In particular, any maybe partial function on a
binary alphabet can be computed on offline inputs in exponential time with a standard
sigmoidal recurrent network and a limited number of neurons. On restricted input length
any continuous function on real valued sequences can be approximated in the maximum
norm. But some continuous functions need resources which are increasing at least linearly
in the maximum input length. We conclude with a discussion.

2 Definition

A feedforward neural network consists of neurons ny,...,ny that are connected in
an acyclic graph. FEach connection n; — n; is assigned a weight w;; € R and each
neuron n; is assigned a bias #; € R. The neurons ny,...,n, without predecessors are the
input neurons. A single neuron n; computes the function o; : R™ — R which is defined
recursively as
z; ifi <m,
0i(x) = { Ui(Zn;—)ni w;;0;(x) 4+ 60;) otherwise
where o; : R — R is the activation function of neuron ¢ and x = (z1,...,2,,) some
input vector. The entire network computes the function f : R™ — R” with f(x) =
(0,(x),...,04,(x)). 05 are a specified set of so called output units. The neurons which

are not input or output neurons are called hidden neurons.
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Figure 1: Recurrent network: example for the computation on an input sequence [a, b

In practice, the network graph often has a multilayered structure where the connec-
tions are restricted to connections between consecutive layers. Furthermore, the cases
o; = sgd(z) = (1 +e7*)~! for all neurons or the modification o; = id for the output units
if a function with unlimited range is to be approximated are of special interest in prac-
tical applications. In the following, we will assume that all activation functions o; equal
a certain function o maybe except for the output units 7 which may have a linear acti-
vation. By a squashing function we refer to any activation function o : R — [0, 1] which
is monotonous with lim,__o, o(z) = 0 and lim;., o(2z) = 1. A function 0 : R — R
possesses a local linearity if some point zg € R exists such that ¢ is continuously differ-
entiable in a neighborhood of xo with o'(z) # 0. A property of a function o : R — R
holds locally if it is valid in some neighborhood of at least one point.

Now a recurrent neural network adds recurrent connections to a standard feedforward
network such that it can deal with sequences of a priori unlimited length. The recurrent
network reads step by step an entry of the input sequence, processes this value with
its feedforward connections, stores the computed output using the recursive connections,
reads the next entry, ...; in a formal notation:

Definition 1 (R™)* denotes the set of finite sequences with elements in R™. Any func-
tion g : R™*' — R! and vector y € R! induces a function gy : (R™)* — R as follows:

Gy([x1,...,x]) = {Y ifi=0,

9(x4, gy ([x1,...,%X;_1])) otherwise.

A function f: (R™)* — R"™ is computed by a recurrent neural network if there exist
feedforward networks g : R™ — R! and h : R — R” such that f = h o gy for some
initial context y.

g is called the recursive part of the recurrent network, A is called the feedforward part.
Of course, the function h could be included in the recursive part. But this notation has
the advantage that the number of neurons needed for the recursive computation can be



made explicit. This improves bounds on the number of examples necessary to train a
network correctly with high reliability [6].

One example of a recurrent network and the computation performed on a special
input is depicted in Figure 1. In contrast to feedforward networks, a recurrent network
can deal with input sequences of arbitrary length. One can think of the recursive part as
a mechanism of encoding the input sequences recursively into a finite dimensional vector
space of dimension [. The dimension [ is referred to as the encoding dimension of a
network. The input neurons number m + 1, ..., m + [ of g are called context neurons
since they store the context of an input sequence. In this way recurrent networks are
used in speech recognition or time series prediction, for example [3, 12, 14].

In the following, we consider the standard Borel o-algebra and topology on any fi-
nite dimensional real vector space which are both obtained as the smallest algebra and
topology, respectively, containing the open intervals as a subset. Consequently, map-
pings between real vector spaces are continuous if small input deviations cause only small
output deviations. Mappings between real vector spaces are measurable in nearly every
situation — it requires some tricky mathematical investigation to find a mapping which is
not measurable. On (R™)* = [ J:2 (R™) we consider the algebra or topology, respectively,
induced by the Borel algebra or standard topology on (R™)*. In particular, a mapping
f: (R™)* — R™ is measurable or continuous if and only if any restriction f|(R™) is
measurable or continuous. Again this definition implies that any mapping one can think
of is measurable and that a mapping is continuous if small deviations of the labels of a
tree do not change the output very much.

3 Approximation in probability

First of all we ask the question as to whether a recurrent network exists for every func-
tion such that the probability of input sequences where the recurrent network differs
considerably from the function to be approximated is small. It will turn out that this is
possible in general. Moreover, explicit bounds on the number of neurons sufficient for an
interpolation of a finite number of sequences will be derived.

Let P be a probability measure on the lists (R™)*. For measurable functions f; and
f2 : (R™)* — R” we say that f; approximates f; with accuracy ¢ > 0 and confidence
0 > 0 in probability if

Pz e (R™)" [[fi(x) = fal2)[ > ¢) < 9.

That means the probability of points where f; approximates f, only poorly is small. If
the range of f; and f, is absolutely bounded by some constant B this inequality implies
that the two functions differ at most ¢+2B4 in the L,-norm, i.e., ([ | fi(z)— fa(z)[PdP)'/?
is small. We say that f; interpolates f; on p examples x4, ..., x, if fi(z;) = fa(z;)
holds for any 2.

We are interested in the capability of recurrent networks of approximating a mea-
surable function f : (R™)* — R™ arbitrarily well in probability. Note that P((R™)>")
where (R™)>% = | '

isi, (R™)" gets arbitrarily small for large ig. Therefore it is sufficient
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to approximate functions only up to a certain length of the input sequences. This restric-
tion corresponds to the choice of an index 7o such that P((R™)>%) < §. This fact would
offer the possibility of using known results for our purpose: To show the approximation
capability we could use the ability of recurrent networks of approximating dynamical
systems on a limited time interval [20]. It would remain to show that the values of an
arbitrary function f which is not written in a recursive form a priori can be produced by
a dynamical system with continuous transition function on compact intervals and up to
a fixed time. This can be done using appropriate polynomials and a counter for the time
steps, for example.

However, since the entire transition function is to be approximated with a network no
bounds on the number of neurons result. Therefore we construct a network approximating
f directly. This method has the advantage that for lists with entries from a finite alphabet
the number of neurons in the recursive part is limited by 1 whereas in the approximation
of a dynamical system no bound can be derived. Furthermore, we obtain bounds on the
number of neurons which are sufficient to interpolate a finite set of data exactly.

Lemma 2 Assume ¥ = {1,...,b} C N. Any function f :3* — R" can be approzimated
arbitrarily well in probability with a recurrent neural network h o g, where g : ¥ xR —+ R
can be computed by one neuron whose activation function o possesses a local linearity.
h : R — R” is a multilayer network with one hidden layer with squashing or locally
bounded and nonpolynomial activation function and linear outputs. y depends on the
activation function o.

If a finite set of p sequences with elements in X is to be interpolated exactly np hidden
neurons in the feedforward part h are sufficient.

Proof: Because ¥* decomposes into the measurable subsets of sequences of fixed length
a finite subset S C ¥* exists such that P(X*\S) < 4. A value in {1,...,b} needs at most
by = [log b] digits in a decimal representation. The mapping

g: Y xR=R, glz,z)=(z+2)-(0.1)"

induces a mapping go which simply concatenates the elements of the sequence expanded
by 0 to exactly by digits in a decimal representation: go([1,...,x:]) = 0.2;...21. go is
injective and ¢ can be computed by a recursive network with one computation neuron
substituting the identity via the uniform approximation

o(xo + ex) — o(xo)

ea’(xo)

~ T

for small ¢, values x in a compact interval, and an activation function o with a local
linearity at xo. We can choose € such that the resulting approximation of gy remains
injective on S. Furthermore, this approximation can be computed by a network with only
one computation neuron because the linear terms eo’(zg) and o(zg) can be considered to
be part of the links in the recursive steps. The initial context is to be changed to o(zo).
Formally, this argumentation uses the identity

— —

(Aof)y, =Ao(fo (id,A))y
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for mappings A and f with appropriate arity and y’' = A(y).

On the image §o(.5) of the recursive computation we can define a function h such that
h(go(s)) = f(s) because g is injective on S. h can be completed to a continuous function
and therefore be approximated arbitrarily well by a feedforward network [9, 10](Theorem
1 & 2, Theorem 2.4). As shown in [19](Lemma 9.1) it is sufficient to use np hidden
neurons for an exact interpolation of p points. The composition of these mappings h and
go approximates f. a

Hence we obtain a bound on the neurons in the recursive part if symbolic data is
considered. The neurons in the feedforward part are restricted if a finite set of data is to
be interpolated. If an activation function like the standard sigmoidal activation is used
in the hidden nodes of the feedforward part the number of hidden neurons sufficient for
an exact interpolation can be improved to 2pn/(n + 1) because of [2].

Furthermore, the construction can be expanded to approximate a measurable func-
tion f : (R™)* — R”, too. It is sufficient to approximate a discretization of f which
corresponds to a function on lists with entries in a finite alphabet:

Theorem 3 Any measurable function f : (R™)* — R” can be approzimated arbitrarily
well in probability by a recurrent network h o g, where g : R™ — R is a multilayer
network with one hidden layer with squashing activation function which possesses a local
linearity and an output activation function o with a local linearity. h : R — R”™ is a
multilayer network with one hidden layer with squashing or locally Riemann integrable
and nonpolynomial activation function and linear outputs. y depends on o.

If a finite set of p sequences with b different elements is to be interpolated, 2bm hidden
neurons in g and np hidden neurons in h are sufficient.

Proof: The idea of the proof is as follows: For a continuous function f the input can
be slightly changed without changing the outputs too much. Now a real valued input
is first mapped to a value from a finite alphabet which characterizes a small interval of
the input range where the real vector belongs to. The discrete value is processed like in
the purely symbolic case described in Lemma 2. Finally it is shown that the scanning
of the real numbers into a finite alphabet can be integrated into the recursive part of a
recurrent network.

It follows from [10](Theorem 2.4), for example, that any measurable function f|(R™)
can be approximated arbitrarily well with accuracy ¢/2 and confidence d - (0.5)"*! by a
continuous function and therefore f with accuracy ¢/2 and confidence §/2 by a continuous
function. Consequently we can assume that f itself is continuous.

First we discretize f. Choose 7' > 0 such that P((R™)>1) < §/4. Choose B > 0
such that P(((] — oo, —B]U[B,c[)™)<1) < §/4. f|([-B, B]™)" is equicontinuous for any
i < T therefore we can find some ¢y > 0 such that for any two sequences [x', ... ,x'] and
[y',...,y"Tin ([=B, B]™)" with : < T and |2} —yi| < ¢ for all elements x? and y’, j <1,
and coefficients & < m the images under f differ at most ¢/2. Decompose | — B, B[ into
disjoint intervals

[1 :] - B7bl[7 [2 :]61762[7 tet [q :]bq—hB[



of diameter at most €y such that the probability of sequences in ([—B, B]™)<T which
contain at least one element with a coefficient equal to some b; is smaller than §/4.

Now we have obtained a discretization: We can map a sequence [Xy, Xz, .. .|, which is
I;,,... the components of x; belong to, to an arbitrary
fixed value where some sequence of the same length with elements with coefficients in 7,
I;,, ... is mapped to. The value differs at most ¢/2 from f([xy,X2,...]) except for a set
of probability smaller than 36/4 in (R™)*.

The mapping ¢ : R™ — ¥ ={1,...,¢q™},

characterized by the intervals [,

q

X = (21, wn) > L+ Y g7 Y (5= Dl ()
=1

i=1

encodes the information to which interval the coefficients of x belong. Here 1;; is the
characteristic function of I;. The single components z; each belong to some interval
with index j; € {1,...,¢}. The representation (j1,...,jm) of the sequence [z1,...,z,] is
mapped to a number in ¥ interpreting the vector as the digits of a natural number denoted
with respect to base g. Therefore a mapping h o g, approximating the discretization
fa 1 X = R™ where [2y,...,2;] = f([x1,...,%;]) for some vectors x; with z; = ¢(x;)
gives rise to an approximation h o éy of f where

G:R™ =R, G(x,z)=g(c(x),2).

h o g, exists because of Lemma 2. Because of the construction ¢ and h can be chosen as
continuous mappings.
We approximate the indicator function 1;; in ¢ by

c|l— ) +4+o —1
€1 €1

where by = —B and b, = B for ¢, — 0 and a squashing activation function 0. We

approximate the identity in g by an activation function o with a local linearity. This
approximation changes h o éy by at most ¢/2 except for inputs with some label with a
coefficient approximately equal to some b;. If ¢; is small this leads to an increase of the
confidence at most §/4. In a network implementation this method results in a hidden
layer in the recursive part as described in the theorem.

If only a finite set of data is to be interpolated it is sufficient to choose the intervals I;
as intervals which scan only the possible input elements uniquely resulting in a number of
2bm hidden neurons in the recursive part. Furthermore, the recursive part can be chosen
such that it is injective on the finite number of input sequences resulting in a bound for
the hidden layer of the feedforward part. O

Hence it follows that any measurable function which is not written in a recursive
form a priori can be approximated by a recurrent neural network. Upper bounds for the
number of neurons are useful for any concrete learning problem in applications. Fur-
thermore, the same technique as in Theorem 3 can be used to expand the proof in [7]



to a similar result concerning the approximation of mappings on trees with real valued
labels. As a consequence of this theorem recurrent networks are in principle well suited
for approximation purpose as long as we do not want to approximate a function on every
input sequence of arbitrary length. If we use inputs from a finite alphabet for modeling
terms, for example, we need only one neuron in the recursive part. l.e., the situation
is particularly well behaved for symbolic data. However, even for the real valued case
explicit bounds on the number of neurons which are sufficient for an exact interpolation
of a finite set of data have been derived, too.

Since we have approximated any measurable mapping with a recurrent network which
leads in particular to a recursive representation we can apply the argumentation of [20]
to the situation. Compared to Theorem 3 the following result reduces the number of
hidden layers but does not lead to bounds on the number of neurons.

Corollary 4 Any measurable function f: (R™)* — R" can be approzimated by a recur-
rent network h o gy in probability where h can be chosen as a linear mapping and g can be
chosen as a feedforward network without hidden layer and a squashing or locally Riemann
integrable and nonpolynomial activation function.

Proof: As already shown f can be approximated by a recurrent network f; o ny with
continuous functions f; and f; computed by feedforward networks with activation func-
tion sgd, for example. For an approximation in probability, it is sufficient to approximate
fio fgy only on sequences up to a fixed length with elements in a compact set. We can
assume that f; is linear adding n neurons which compute the output values of f; to the
outputs of f5 in the encoding layer if necessary. f; can be approximated arbitrarily well
by a feedforward network g with one hidden layer with squashing or locally Riemann
integrable and nonpolynomial activation function on any compact set in the maximum
norm [9, 10](Theorem 1, Theorem 2.4). In particular, f; can be approximated by g such
that the induced function gy differs at most € on the relevant sequences. We can consider
the linear outputs of this approximation to be part of the weights in the first layer of g
or the function fi, respectively, which leads to a change of the initial context y. Setting
h = f1, a network of the desired structure results. a

In particular, this result minimizes the number of hidden layers and is valid for the
perceptron activation function in the recursive part as well. But the encoding dimension
cannot be limited in general.

4 Approximation in the maximum norm

Here we ask whether any reasonable mapping can be approximated by a recurrent network
such that the approximation differs at most ¢ from the function to be approximated for
every input — in contrast to the last paragraph where coincidence was only required for
a subset of high probability. We show that in the symbolic case this is possible when
dealing with functions on unary sequences and a restricted domain. Weakening this
conditions leads to examples of mappings which cannot be approximated in such a way.



The positive result does not seem useful for practical applications since usually one does
not consider only unary sequences. However, the result shows that recurrent networks
have more power than finite automata. We expand this result to a proof for the fact
that a sigmoidal recurrent network can compute every mapping in exponential time in
an appropriate formalism. Afterwards we show that real valued data does not allow an
approximation in the maximum norm even for restricted inputs unless the recursive part
of an approximating network is allowed to write all entries of the input sequences into a
vector of very large dimension, i.e., is allowed to implement simply some trivial encoding
on the sequences.

In the feedforward case it is well known that any continuous mapping can be approx-
imated on a compact set arbitrarily well in the maximum norm [10]. We ask the same
question in the recurrent case, i.e., does for every function f and positive ¢ some network
g exist with |f(z) — g(z)| < € for every 2?7 In particular, inputs of arbitrary length are
to be approximated which is of interest when assessing the long time behavior of a time
series, for example. Actually, this reaches the topic of computability. Recurrent networks
where the activation function is for any point Lipschitz continuous in some neighborhood
can be simulated by a family of non-uniform Boolean circuits with resources limited by
the time the network uses for the computation [17]. Therefore, any function that is not
computable by a non-uniform circuit family with resources growing at most polynomially
cannot be computed by a recurrent network. It remains to show that such a function
exists.

The result of [17] indicates that there may be problems if a function which is compu-
tationally hard is to be approximated. Here we do not use this simulation but construct a
computable function which cannot be approximated by a recurrent network in the max-
imum norm directly. The first construction holds even for inputs from a unary alphabet
and for any continuous activation function.

Example: Assume the activation function is continuous. We show the existence of a
function f : {1}* — R which cannot be approximated by any reasonable network. On
every sequence x; in the set of unary sequences {z; = [1],z3 = [1,1],...} a function
value y; € R is chosen such that it lies outside the range of any network with at most
¢ neurons and weights absolutely bounded by . This is possible because a network
architecture defines a continuous mapping on the weights for any fixed input sequence z;.
The values (z;,y;) can be completed to a continuous mapping on R* which is computable
on the restriction to N*. This function cannot be approximated by any recurrent network
because it increases too fast. A network which approximates f up to sequences of length
¢ necessarily contains at least 1 + 1 neurons or some weight with absolute value larger
than . O

Even if the function that is to be approximated has a limited range an approximation
with a network may be impossible. But here we need inputs from a binary alphabet.

Example: Assume that the activation function o possesses a local linearity. Assume
the number of sequences of length 7' where any mapping to {0, 1} can be approximated by
a recurrent network with some fixed architecture with N neurons and activation function



Figure 2: Function ¢ with the property g(1;) D U_, I, for j = 1, 2, 3.

o and an appropriate choice of the weights is limited by a function p(7, N) which is
polynomial in 7". Then a function {0,1}* — {0,1} which cannot be approximated by a
recurrent network with activation function ¢ can be constructed as follows:

Assume the function is constructed on sequences up to length 7. Assume Ny is
the minimum number of neurons such that some network with Ny neurons exists which
approximates these points. Note that any network with N neurons and some connection
structure can be simulated by a standard multilayer network with N? neurons where
the identity is approximated using the local linearity of . Choose T" > T such that
27 > p(T, N2). Then there exists at least one mapping on the sequences of length 7' and
values in {0, 1} that cannot be approximated by a network with Ny neurons. a

Note that this argumentation is constructive if the loading problem for feedforward
networks is solvable. The number of input sequences which can be mapped to arbitrary
values approximating {0, 1} by an appropriate choice of the weights in a network struc-
ture is limited by the pseudodimension of the network structure. This pseudodimension
measures the capacity of the architecture and plays a key role when considering the
learnability of networks. For all standard architectures and for all architectures which
are useful for efficient learnability, in particular, the pseudodimension is polynomial as
required in the example.

As a consequence, there exist computable mappings that cannot be approximated in
the maximum norm. But on the other hand there exist mappings that are not computable
but can be implemented by a neural network [17]. In fact, any mapping on unary input
sequences with limited domain can be approximated:

Theorem 5 Assume o is a continuous squashing function. Then any function f :
{1}* = [0, 1] can be approximated in the mazimum norm by a recurrent network without
hidden layer and activation function o in the recursive part and one linear neuron in the
feedforward part. The number of neurons which is sufficient for an approximation can be
limited with respect to the accuracy e.
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Proof: For unary sequences only the length of the input is relevant. At each recursive
time step there is given one value which is to be approximated by the network’s output.
First, the output range is discretized according to the required approximation accuracy.
Choose n € N, n even with 1/n < e. Define x; = 1/(2n) 4+ (i — 1)/n for ¢ = 1,...,n,
I; = [xz; — 1/(4n),z; + 1/(4n)]. Because of the choice of n it is sufficient to show that
instead of a specified output value y only some value in the interval where y belongs to or
is nearest to can be produced in a recursive computation step. Therefore it is sufficient
to show that a network can be constructed the output sequence of which has entries in
I;
function such that the image of each interval I; contains all intervals I, I5, .... Hence
for any value in [; an inverse image in each interval Iy, I, ... exists; the recursive choice
of an appropriate inverse image leads to an initial context.

. Liy, ... for any given sequence of indices 1y, i3, .... In the following we construct a

In detail: Since o is a squashing function we can find some K > 0 such that

. > 1—1/8nr?) ifz>1/(4n),
o(f ){ < 1/(872)  ifz<—1/(4n).

The function .

g(e) = Yo ((=1)'K - (o= @) = (n/2 = 1)

=1

has the property ¢g(I;) D J._, I; because of the continuity of ¢ and

glz; —1/(4n)) < Ei<j,ieven 1+ Ei<j,iodd 1/(8n2) + 1/(8n2)
+ Ei>j,ieven 1/(8n2) + Ei>j,iodd 1—(n/2-1)
< (n+1)/(82) < 1/(4n)

if j is even, g(x; — 1/(4n)) > 1 — 1/(4n) if j is odd, g(x; + 1/(4n)) > 1 — 1/(4n) if j is
even, and g(z; + 1/(4n)) < 1/(4n) if j is odd (see Fig. 2).

g is trivially expanded to inputs from R? by just ignoring the first component of the
input. The function g, : R* — R can be implemented by a recurrent network with
n neurons with activation function ¢ in the recursive part and a linear output in the
feedforward part. The linearity in ¢ as defined above is considered to be part of the
weights in the networks ¢ and h, respectively. Furthermore, g, can approximate any
function f : {1}* — [0,1] in the maximum norm with accuracy ¢ by an appropriate
choice of y. It is sufficient to choose a value y in (;cn(g)) ™' (I,) if f([1,...,1]) € [k, —

itimes
1/(2n), xr,+1/(2n)]. Note that such a value exists because [, is compact, g is continuous,
and for any finite number 7, the intersection ), ; (¢")"'(Iy,) is not empty because of the
property ¢(I;) D U, ;. Since in a network implementation the recursive part consists
only of one layer with squashing activation this value y has to be changed to the initial
context (y +n/2 —1,0,...,0). O

The construction can be expanded to show that a sigmoidal network can compute any
mapping on offline inputs in exponential time. An equivalent result is already known for
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Figure 3: Recurrent neural network as a computational model

the semilinear activation function [17] but for the standard sigmoidal function only the
Turing capability with an exponential increase of time was established in [11].

To define the notation of a computation with recurrent networks formally, assume
that ¢ : {0,1}" — R is an injective function which serves as an encoding function. A
maybe partial function f : {0,1}* — {0,1} is computed by a recurrent network on
offline inputs which are encoded via c if the recurrent network computes & 0 g(.(z)y) :
(R%)* — R? where h, g, and y are fixed for any f, such that the following holds for some
€ €]0,0.5[:

e For any word = € {0,1}" where f(z) is defined a number ¢ € N, the computation
time, exists with A o g y)([T,..., T]) € [f(z) — ¢, f(2) + ¢] x [1 —¢,1] and for

ttimes
any prefix of this input string with shorter length the network outputs some value

in R x [0, €.

o If f(z) is not defined % 0 G(a)y)([T,..., T]) € R x [0,¢] for any ¢ € N.

ttimes

Here T stands for the dummy element in R% Consequently, two output neurons exist,
one for the data and one that indicates whether data is present or the network is still
computing. The input is encoded in the initial value of one neuron directly using ¢ and
all input neurons of the recurrent network are dropped. See Fig 3 for an example. In
the recursive part, the encoded input is stored in one neuron, afterwards the recursive
computation proceeds as usual. In any recursive step the output line produces a value
0 or 1, in the latter case the output of the computation, f(w) can be found at the data
line.

Corollary 6 Assume the encoding function ¢ : {0,1}t — R is given by c([z1,...,2;]) =
(3~ Ticim2-1 4 1)/2. Then there exists a recurrent network with standard sigmoidal
activation and 19 neurons such that for any maybe partial function f :{0,1}* — {0,1}
an initial context y exists such that for any input sequence x the recurrent network with
inttial context (c(x),y) computes f(x) on offline inputs.

Proof: The idea of the construction is as follows: The outputs of the function f are
reproduced by one part of a recursive network: Some kind of memory outputs the value
f(n), if existing, in the nth recursive step. Additionally, a part implementing a counter
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is included. This part counts until the input value is reached and then tells the memory
that its output at this time step is the output of the entire network.

More precisely: It follows from Theorem 5 that a recurrent network hy o (§;)y exists
with a linear unit &; and a sigmoidal network ¢g; and the property

<0.1 if f(z)=0
hyo(G)y([T,..., TI){ €]0.45,0.55] if f(z) is not defined,
n places > 0.9 if f(x) =1

for = [21,...,2;] and n = Y. x;2". Only the initial context y depends on f, the other
weights can be chosen as fixed values. Additionally, there exists a network %3 0 (§2)e(x)
with a sigmoidal network g, and a linear unit 5 such that

< 0.15 ifn <y, ;20
hy o (§2)e@)([Ts---, T])q €10.2,04] ifn=73 22",
> 0.7 iftn >y 22

nplaces

as we will show immediately. The simultaneous computation of Ay o (§;)y, the memory,
and hy 0 (§2)e(z), the counter, with outputs o; and o, respectively, is combined with the
computation

(01 > 09) Aoy € ]02, 04[

for the output line and
((01 > 09) V (01 < 01)) N 09 6]02,04[

for the line indicating whether output is present. This latter computation can be approxi-
mated arbitrarily well in the feedforward part of a sigmoidal network because the identity,
the perceptron activation, and Boolean connections can be approximated. Therefore, the
entire construction leads to a sigmoidal network that computes f.

It remains to show that a mapping h; o g, with the demanded properties exists. The
recursive mapping induced by z — 3z computes on the initial context 3~ 2im2 =1 the
value 3= Z:%2' =147 for an input of length n. This mapping is combined with the function
tanh which approximates the identity for small values. In fact, g(x) = tanh(3z) computes

> 0.7 ; . ifnzz.lfﬂi—l—l,
gS—EIL‘?i—l([Ta —_) el - 32(_ngi?‘z—1+n))3—zzi2‘1—1+n’
A T e ] e

Since |1 — tanh(z)/z| < 2*?/3 for « # 0 this can be seen by induction:
If gs—x(T™) €](1 — 32(_’“""”))3_’“"'”, (1+ 32(_k+”))3_k+”[ for k > n + 1 then

gs—+(T"*) = tanh(3 - gs-+(T"))
€ 13Gs-+(T")(1 = 3g5-x(T")?),3 ga-x(T™)(1 + 393 k(T”)Q)[
C BT B (3L g )
ke (14 k)1 3 3 1
C ]3—k—|—n—|—1(1 _32(—k+n+1)) 3~ k+n—|—1(1_|_32 —k+n+1) [
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where T" denotes the sequence of length n with elements T. For k£ < n + 1 we obtain
G3—+ (T > tanh(3(37'(1 — 37%))) = tanh(8/9) > 0.7.

The function hy o go with the desired properties can be obtained because tanh(z) =

2-sgd(2z) — 1. O

However, this result relies on the fact that the computation is performed with perfect
reliability. For a computation with finite precision or a computation which is affected by
some noise the computational power reduces to at most finite automata as shown in [13].

So far we have only considered mappings with discrete inputs which are to be ap-
proximated in the maximum norm. All negative results transfer to the case of continuous
labels, of course. But here an additional question occurs: Can any continuous mapping
be approximated in the maximum norm with a folding network on restricted inputs?
Note that approximation in the maximum norm on restricted inputs is a special case of
approximation in probability if we only consider symbolic, i.e. discrete domains. For con-
tinuous labels the following result shows that an approximation is possible. However, the
encoding dimension necessarily increases in dependence on the maximum input length
for realistic networks and some functions that are to be approximated.

Theorem 7 Choose T' € N and a compact set B C R™. For any continuous mapping
BT = R"™ and € > 0 a recurrent network ho gy exists such that |hogy(z)— f(z)] < e
for all x € BST. g can be chosen as a feedforward network without hidden layer and
an activation function which possesses a local linearity. h can be chosen as a single
hidden layer feedforward network with linear outputs and locally Riemann integrable and
nonpolynomial or squashing activation function in the hidden layer. If g is continuous
and the interior of B is not empty, the encoding dimension increases at least linearly with
T for some ¢ and real valued and continuous [ regardless of the number of hidden layers
and hidden neurons in g.

Proof: Without a restriction on the encoding dimension it is easy to construct an
encoding g such that gy simply writes the single elements of an input sequence of length
T into one real vector of dimension (7' 4+ 1)m. An encoding is induced by h(x,y) =
(X,Y1,...,Yrm) and an initial context (b,0,...,0) with some b ¢ B. This computation
can be approximated with an activation function with a local linearity in the maximum
norm. A can be chosen such that it approximates the continuous mapping on these codes
in R(T+7 to R™ [9, 10].

Surprisingly, this brute force method is in some way the best possible encoding. This
fact relies on topological properties of continuous mappings from a high dimensional real
vector space into lower dimensions: Such a mapping necessarily maps different points to
the same value. Here we use a correlated result, the Theorem of Borsuk-Ullam [1]. This
theorem tells us that for any continuous mapping from a sphere in some R”! into R
with n; > ny necessarily antipodal points on the sphere exist which are mapped to the
same value.

Now we construct a real valued continuous function which requires a linearly increasing
encoding dimension because of this fact. Let an encoding dimension {(71') be given which
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does not increase linearly with 7'. Assume ¢ is continuous. Choose ¢ € B and ¢ > 0 such
that the ball of radius € with center ¢ is contained in B. Choose T" with m(7 — 1) >
I(T). Assume a'', ..., a™(T=1 are different points in B. We consider the following
mapping f with images in [—1,1]: The image of a sequence with length 7' of the form
[x!,...,xT1 a¥]is

.TEZ — C;

max{|e, — el | k. 1}

T=1) is not contained in the ball of radius ¢/2 and center (c, ..., c) in

if the point (x',...,x
BT-1. Otherwise, f is an arbitrary continuation of this function. In particular, sequences
[x!,...,xT,a¥] and [y',...,yT,a"] are mapped to values differing by 2 for some a' if
(x!,...,xT) and (y!,...,yT) correspond to points on opposite sides of the ball with
center (c,...,c).

The approximation % o gy on these sequences of length 7" decomposes into a mapping
G:BT" 5 R and hog: B xR — R where necessarily antipodal points in the
sphere of radius ¢ and center (c,...,c) in BT~! exist which are mapped by g to the same
value because of the Theorem of Borsuk-Ullam. Consequently, at least one value of ho gy

differs from the desired output at least 1. a

As a consequence, continuous mappings cannot be approximated in the maximum
norm with limited resources even for restricted inputs. The necessity to increase the
encoding dimension is another proof that shows that arbitrary mappings cannot be ap-
proximated in the maximum norm on sequences with unlimited length with a recurrent
network.

5 Conclusion

The capability of recurrent networks of approximating functions arbitrarily well in prob-
ability has been established. Consequently, they are in principle well suited for learning
tasks where the input consists of lists or sequences, i.e. the input dimension can vary
from example to example. Explicit bounds on the number of neurons which are sufficient
for an exact interpolation of a finite set of data are of special interest for any concrete
learning algorithm. The situation is particularly well behaved if symbolic data is dealt
with because the recursive part reduces to only one computation neuron in this case.

Approximation is not possible in the maximum norm in general due to the connection
of recurrent networks with inputs of arbitrary length to computational models similar
to Turing machines. Furthermore, topological arguments prohibit an approximation of
continuous mappings on restricted inputs in the maximum norm with restricted encoding
dimension in general. This indicates that problems may occur if the long time behavior
of a sequence is to be modeled or mappings which are very sensitive to a small change of
the input labels are to be approximated.

However, on unary sequences any mapping with bounded range can be approximated
which leads to the interesting theoretical consequence that standard sigmoidal recurrent
networks can compute any mapping on offline inputs.
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Considering further work, the question whether in the positive approximation results
the weights can be restricted by some constant is of interest for practical applications.
Our argumentation uses the possibility of approximating the identity or perceptron ac-
tivation with a standard activation function which results in a priori unlimited weights.
Furthermore, it would be nice to limit the number of neurons necessary for the approxi-
mation of an entire function. Such a limitation could take the smoothness of the function
that is to be approximated into account, for example.
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