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1 Introduction

Neural networks are a well established learning mechanism which offer a very sim-
ple method of learning an unknown hypothesis when some examples are given. In
addition to their success in various areas of application, the possibility of massive
parallelism and their noise and fault tolerance are offered as a justification for their
use. Commonly, they are trained very successfully with some modification of the
backpropagation algorithm [36]. However, the inherent complexity of training neu-
ral network is till now an open problem for almost all practically relevant situations.
In practice, a large variety of tricks and modifications of the representation of the
data, the neural architecture, or the training algorithm is applied in order to obtain
good results [29] - the methods are mostly based on heuristics. From a theoretical
point of view, the following question is not yet answered satisfactorily: in which
situations is training tractable or, conversely, does require a large amount of time?
Until now it is only known that training a fixed network, as it appears in practice,
is at least decidable assuming that the so called Schanuel conjecture holds [25]. In
other words, till now it is only proved (up to some conjecture in pure mathematics)
that training of standard neural networks can be performed on a computer in prin-
ciple, but no bounds on the required amount of time have been derived in general.
People have to rely on heuristics in order to design the training problems to ensure
that training a neural network succeeds. In order to obtain theoretical guarantees
and hints about which situations may cause troubles, researchers have turned to
simpler situations in which theoretical results can be obtained. The main purpose
of this paper is to consider situations which are closer to the training problems as
they occur in practice.

In order to state the problems we are interested in, consider a standard feedforward
neural network. Such a network consists of neurons connected in a directed acyclic
graph. The overall behavior is determined by the architecture A and the network
parameters w. Given a pattern set P, i.e. a collection of points or training exam-
ples, and their labelings (x;;y;), we want to learn the regularity consistent with
the mapping of the @, points to the y; points with such a network 2. Frequently,
this is performed by first choosing an architecture A which computes a function
Ba(w, z) depending on w. In a second step, the parameters w are chosen such that
Ba(w, z;) = y; holds for every training pattern (x;; y;). The loading problem is to
find weights w for A such that these equalities hold for every pattern in P. The de-
cision version of the loading problem is to decide (rather than to find the weights)
whether such weights exist that load P onto A. Obviously, finding optimal weights
is at least as hard as the decision version of the loading problem.

2 We will refer to both the point ; and the point @; together with its labeling (;;;), as
a point or a training example. Note that an example (z;; y;) may occur more than once in
P, i.e. the multiplicity of a point may be larger than 1.



Researchers have considered specific architectures for neural nets in which the
so called activation function in the architecture is the threshold activation func-
tion, a particularly simple function. This function captures the asymptotic behav-
ior of many common activation functions including the sigmoidal function, but
it does not share other properties (such as differentiability). It has been shown
that for every fixed threshold architecture training can be performed in polyno-
mial time [14,16,26]. Starting with the work of Judd [20], researchers have con-
sidered situations where only architectural parameters are allowed to vary from
one training instance to the next training instance in order to take into account that
most existing training algorithms are uniform with respect to the architecture. That
implies that common learning algorithms do not rely on the number of neurons
which are considered in the specific setting. Hence the complexity of the training
problem should scale well with respect to the number of neurons. It turns out that
the training problem is NP-hard in several situations, i.e., the respective problems
are infeasible (under the standard complexity-theoretic assumption of P#£NP [15]):
Blum and Rivest [9] showed that a varying input dimension yields the NP-hardness
of the training problem for architectures with only two hidden neurons using the
threshold activation functions. The approaches in [16,28] generalize this result to
multilayered threshold networks. Investigation has been done to get around this
boundary of NP-hardness of the training problem by using activation functions dif-
ferent from the threshold activation function. In fact, for some strange activation
functions (which are not likely to be used in practice at all) or a setting where the
number of examples and the number of hidden neurons coincide, loadability is triv-
ial [32]. References [14,17,19,31,35] constitute approaches in order to generalize
the NP-hardness result of Blum and Rivest to architectures with a continuous or
the standard sigmoidal activation functions. Hence finding an optimum weight set-
ting in a concrete learning task captured by the above settings may require a large
amount of time.

However, most works in this area deal either with only very restricted architectures
(e.g. only three neurons), an activation function not used in practice (e.g. the thresh-
old function), or, generally, a training problem which is, in some sense, too strict
compared to practical training situations. Naturally, the constraint of the loading
problem that all the examples must be satisfied is too strict. In a practical situation,
one would be satisfied if a large fraction (but not necessarily all) of the examples
can be loaded. Moreover, in the context of agnostic learning [34], a situation in
which the neural architecture may not model the underlying regularity precisely, it
may be possible that there are no choices for the weights that load a given set of
examples. In structural complexity theory, it is common to investigate the possibil-
ity of proving NP-hardness of the decision versions of general optimization prob-
lems [15] and, moreover, the possibility of designing approximation algorithms for
the original optimization problem together with guarantees on the quality of the
approximate solutions returned by such an algorithm [13,15]. A list of results con-
cerning the complexity and approximability of various problems can be found, for
example, in [3], where it can be seen that there are problems which can be approxi-



mated to within a high accuracy in polynomial time even though the problem itself
is NP-complete. ;From these motivations, researchers have considered a modified
version of the loading problem where the number of correctly classified points is
to be maximized. References [1,2,18] consider the complexity of training single
neurons with the threshold activation with some error ratio. The authors in [4] deal
with depth 2 threshold networks. Formally, the maximization version of the load-
ing problem (e.g., see [4]) L deals with a function m;, which is to be maximized:
my, computes the number of points in the training set P (counted with their multi-
plicities), such that 54 (w, ) = y, divided by the size of the training set P. That
is, we would like to satisfy the largest possible fraction of the given collection of
examples. We will consider this objective first and obtain NP-hardness results for
approximately minimizing the relative error of m;, which deal with various more
realistic activation functions and situations compared to [4]. In the second part of
the paper, we consider another possible function for minimization which is used
in [2] and which is more relevant in the context where a significant number of ex-
amples are not classified correctly. This is called the failure ratio of the network,
i.e., the ratio of the number of misclassifications (again counted with their multi-
plicities) produced by the learning algorithm to that of an optimal algorithm. We
will obtain results of NP-hardness or almost NP-hardness, respectively, of approx-
imating this failure ratio for multilayered threshold networks in the second part of
the paper.

The organization of the rest of the paper is as follows: First, in Section 2 we define
the basic model and notations. Next, we consider the complexity of minimizing
the relative error of the function m;, of a neural network within some error bound.
For this purpose, following the approach in [4], we show in Section 3.1 that a
certain type of reduction from the MAX-k-cut problem to the loading problem
constitutes an L-reduction, thereby preserving the NP-hardness of approximation.
Afterwards we apply this method to several situations as stated below. We show, as
already shown in [4] except when n; = 2, that it is NP-hard to approximate mp,
within a relative error smaller than € = 1/(68n,2™ + 136n3 + 136n? + 170n,) and
multilayer threshold networks with varying input dimension and a fixed number 7,
of neurons in the first hidden layer for any n; > 2. In Section 3.2.1, we show that,
for architectures with one hidden layer and two hidden neurons (the classical case
considered by [9]), approximation of my, with relative error smaller than 1/c is NP-
hard even if either (a) ¢ = 2244, the threshold activation function in the hidden layer
is substituted by the classical sigmoid function, and the situation of e-separation in
the output is considered, or (b) ¢ = 2380 and the threshold activation function
is substituted by the semilinear activation function commonly used in the neural
net literature (e.g., see [6,11,14,22]). As in [4] the above reductions use example
sets where some of the examples occur more than once. In Section 3.3, we discuss
how these multiplicities can be avoided. In Section 3.4, we consider the situation
where the number of examples is restricted with respect to the number of hidden
neurons, and show that for a single hidden layer threshold network with varying
input dimension and £ hidden neurons, approximating mjy, within a relative error



smaller than ¢/ k3, for some positive constant ¢, is NP-hard even if restricted to
situations where the number of examples is between k3 and k?. In the remaining
part of the paper, we consider the objective to minimize the failure ratio my in the
presence of misclassification errors (e.g., see [1,2]) and show that it is NP-hard to
approximate my within any constant ¢ > 1 for a multilayered threshold network
with varying input dimension and a fixed number of neurons in the first hidden
layer if the thresholds of the neurons in the first hidden layer are zero. Assuming
that NP ¢ DTIME(n**(°6™)) holds 3, a conjecture in structural complexity theory
[3], we show that approximating m in the presence of errors for a multilayered
threshold network with varying input dimension and a fixed number of neurons in
the first hidden layer, in which the thresholds of the neurons in the first hidden layer
are fixed to 0, within a factor of 218"" 7 p, denoting the varying number of input
neurons in the respective instance, is not possible in polynomial time, where € > 0
is any fixed constant. Finally, we conclude in Section 5 with some open problems
worth investigating further.

2 The Basic Model and Notations

The architecture of a feedforward net is described by a directed acyclic intercon-
nection graph and the activation functions of the neurons. A neuron (processor or
node) v of the network computes a function

7 (3w 0)

i=1

of its inputs u1, . . . , ug. The term Zle w;u;+0 is called the activation of the neuron
v. The inputs u; are either external (i.e., representing the input data) or internal (i.e.,
representing the outputs of the immediate predecessors of v). The coefficients w;
(resp. 6) are the weights (resp. threshold) of neuron v, and the function 7 is the
activation function of v. The output of a designated neuron provides the output of
the network. An architecture specifies the interconnection graph and the v’s of each
neuron, but not the actual numerical values of the weights or thresholds. The depth
of a feedforward net is the length (number of neurons) of the longest path in the
acyclic interconnection graph. The depth of a neuron is the length of the longest
path in the graph which ends in that neuron. A layered feedforward neural net is
one in which neurons at depth d are connected only to neurons at depth d + 1, and
all inputs are provided to neurons at depth 1 only. A layered (ng, n1,. .., n;) net
is a layered net with n; neurons at depth ¢ > 1 where ny is the number of inputs.
Note that we assume n;, = 1 in the following. Nodes at depth 7, for 1 < j < h, are

3 This assumption is referred to as being “almost NP-hardness” in the literature (e.g.,
see [2]).



called hidden neurons, and all neurons at depth j, for a particular j with 1 < j < h,
constitute the j** hidden layer. For simplicity, we will sometimes refer to the inputs
as input neurons.

To emphasize the selection of activation functions we introduce the concept of I'-
nets for a class I' of activation functions. A I'-net is a feedforward neural net in
which only functions in I' are assigned to neurons. We assume that each function
in I' is defined on some subset of R. Hence each architecture A of a I'-net defines
a behavior function 4 that maps from the r real weights (corresponding to all the
weights and thresholds of the underlying directed acyclic graph) and the n inputs
into an output value. We denote such a behavior as the function 54 : R™" — R..
Some popular choices of the activation functions are the threshold activation func-
tion

1 ifz>0
H(z) =
0 otherwise

and the standard sigmoid

1

sgd(x) = et

In the learning context, the loading problem (e.g., see [14]) L is defined as follows:
Given an architecture A and a collection P of training examples (z;y) € R"” x R
(we allow multiplicities, i.e., an example may be contained more than once in a
training set), find weights w so that for all pairs (x;y) € P:

BA(waw) =Y.

Note that both, the architecture and the training set, are part of the input in general.
In this paper we will deal with classification tasks where y € {0,1} instead of
y € R. Clearly, the NP-hardness results obtained with this restriction will be valid
in the unrestricted case also. An example (x;y) is called a positive example if
y = 1, otherwise it is called a negative example. An example is misclassified by the
network if 84 (w, x) # y, otherwise it is classified correctly.

In general, a maximization (minimization) problem C' is characterized by a non-
negative cost function mq(x, y), where x is an input instance of the problem, y is
a solution for x, and m¢(z, y) is the cost of the solution y; the goal of such a prob-
lem is to maximize (minimize) m¢(z,y) for any particular z. Denote by opt(z)
(or simply by opt(z) if the problem C is clear from the context) the maximum (min-
imum) value of m¢(z, y). The two objectives that are of relevance to this paper are
as follows (assume that z is the instance (architecture and training set) and y is a



solution (values of weights) for z):

Success ratio function m;:

number of examples x; such that f4(w, x;) = y;

mi(7,y) = size of P

(e.g., see [4]). Note that the examples are counted with multiplicities if they
are contained in P more than once. In other words, m, is the fraction of the
correctly classified points compared to all points in a training set. Notice that
0 < opt;(z) < 1 holds for all instances x. The relative error of a solution y
is the quantity (opt; () — mr(x,y))/opt; (x). Our interest in this paper lies in
investigating the complexity of finding a solution such that the relative error is
bounded from above by some constant.

Failure ratio function m :

Define by m¢(z,y) the number of examples «; (counted with multiplicities)
such that 54 (w, x;) # v;. Then, provided opt,(x) > 0,

my(z,y) = mc(z,y)/opts(z)

(e.g., see [2]). That is, my is the ratio of the number of misclassified points by
the given network to the minimum possible number of misclassifications when
at least one misclassification is unavoidable. Our interest in this paper lies in
investigating the complexity of finding a solution such that m is smaller than
some value.

The NP-hardness of approximately optimizing these objctives will be the topic of
this paper. For convenience, we repeat the formal definition of maximization and
minimization problems as introduced above and the notion of NP-hardness within
this context:

Definition 1 A maximization or minimization problem C, respectively, consists of
a set of instances I, a set of possible solutions S(z) for each x € I, and a cost
function m¢ : (z,y) € I x S(x) — R (R" denoting the positive real num-
bers) which computes the cost of a solution y for an instance x of the problem.
We assume that for each instance x a solution y with optimum, i.e. maximum or
minimum value, respectively, mc(x,y) exists. Denote by opt,(x) the respective
optimum value, i.e. opt,(z) = max{mec(z,y) |y € S(z)} if C is a maximization
problem and opt(xz) = min{mc(z,y) |y € S(z)} if C is a minimization problem,
respectively.

Assume k € 10, 1[ is some constant. Then approximating the relative error of the
maximization problem C within the constant £ is NP-hard if every problem in NP
can be reduced in polynomial time to the following problem: given an instance x
of C, find a solution y such that the relative error can be limited by (opt(z) —

me(z,y))/opte(x) < k.



Assume k > 1 is a constant. Assume C is a minimization problem where by defi-
nition of m¢ the fact opt,(x) > 0 holds for all instances x. Then approximation
of the relative cost of the minimization problem within constant k£ is NP-hard if
every problem in NP can be reduced in polynomial time to the following problem:
given an instance x of C, find a solution y such that the costs can be limited by

me(x, y)/opta(x) < k.

In our case instances are given by neural architectures and training sets and so-
lutions are possible choices of the weights of the neural architecture. As already
mentioned, we will deal with the following two objectives: minimizing the failure
ratio function m and minimizing the relative error of the success ration function
my,, respectively. Note that both objectives, minimizing the relative error and min-
imizing the misclassification ratio, respectively, are defined via the cost function
mg or my, respectively, of the underlying maximization or minimization problem,
respectively. We will in the following refer to the above notation of NP-hardness as
the NP-hardness of approximating C or the respective cost, respectively.

Depending on the minimum number of misclassifications that are unavoidable in
a training scenario, the two objectives we are interested in can be related. Assume
an input instance z of a training scenario and a solution y are given. Denote by P
the size of the given training set, by maxp the maximum number of points which
can be classified correctly, and assume maxp < P. Assume the number of points
classified correctly by y is r. Then the two objectives can be related to each other
as demonstrated below:

Assume that the relative error of the success ratio function is smaller than some
value C € ]0, 1[. Hence r > maxp(1 — C). As a consequence, the failure ratio can
be limited by (P —r)/(P —maxp) < (P —maxp(1—C))/(P —maxp) =14+C-
maxp /(P — maxp). If a large number of errors is unavoidable, i.e. maxp is much
smaller than P, the term maxp /(P —maxp) is small. Le. in this case bounds on the
relative error of the success ratio can be transformed to small bounds on the failure
ratio function. Conversely, bounds on the relative error of the success ratio lead to
only very weak bounds on the failure ratio function if only a small number of points
is necessarily misclassified and opt approaches P, hence the factor maxp /(P —
maxp) is very large.

Assume conversely that the failure ratio is limited by D > 1. Hence P —r < (P —
maxp)D. Then we can bound the relative error of the success ratio by the inequality
(maxp —r)/ maxp < (P—maxp)(D—1)/ maxp. The value (P—maxp)/ maxp is
small if maxp is close to P and it is large if maxp is much smaller than P. Hence
we obtain small bounds on the relative error of the success ratio if the number
of unavoidable misclassifications is small. We obtain only weak bounds from the
above argument if the number of unavoidable misclassifications is large.



In this paper, we will consider the complexity of finding approximate optima for
these two functions. Note, however, that training sets for neural network archi-
tectures have been defined above over the real numbers. We will in the following
restrict to representations over Q only and we will assume that the numbers are
represented in the standard way. Note that there exist alternative notations for com-
putation over the real numbers which will not be the subject of this article [10].

3 Hardness of Approximating the Success Ratio Function

We want to show that in several situations it is difficult to approximately minimize
the relative error of m, for a loading problem L. These results would extend and
generalize the results of Bartlett and Ben-David [4] to more complex activation
functions and several realistic situations.

3.1 A General Theorem

First, an L-reduction from the so-called MAX-k-cut problem to the loading prob-
lem is constructed. This reduction shows the NP-hardness of approximability of
the latter problem since it is known that approximating the MAX-k-cut problem is
NP-hard and an L-reduction preserves approximability. Formally, the MAX-k-cut
problem is defined as follows.

Definition 2 Given an undirected graph G = (V, E) and a positive integer k > 2,
the MAX-k-cut problem is to find a function ¢ : V +— {1,2,...,k}, such that the
ratio [{(u,v) € E | ¥(u) # ¥(v)}| / |E| is maximized. The set of nodes in V
which are mapped to i in this setting is called the i*" cut. The edges (v;,v;) in the
graph for which v; and v, are contained in the same cut are called monochromatic;
all other edges are called bichromatic.

Theorem 3 [21] [t is NP-hard to approximate the MAX-k-cut problem within
relative error smaller than 1/(34(k — 1)) for any k > 2.

The concept of an L-reduction was defined by Papadimitriou and Yannakakis [27].
The definition stated below is a slightly modified version of [27] (allowing an ad-
ditional parameter a) that will be useful for our purposes.

Definition 4 An L-reduction from a maximization problem C'\ to a maximization
problem Cy consists of two polynomial time computable functions Ty and Ts, and
two constants o, B > 0 and a parameter 0 < a < 1 with the following properties:

(a) For each instance I of C, algorithm T\ produces an instance 15 of Cs.



(b) The maxima of I, and I, opt(ly) and opt(1y), respectively, satisfy opt(Iy) <
a opt(1y).

(¢) Given any solution of the instance I of Cy with cost cs such that the relative
error of ¢y is smaller than a, algorithm Ty produces a solution I, of Cy with cost

¢y satisfying (opt(I1) —¢1) < B (opt(l) — co).
The following observation is easy.

Observation 5 Assume that Cy L-reduces to Cy with constants «, 3 and parameter
a. Then, if approximation of Cy with relative error smaller than aa3 is NP-hard,
then approximation of Cy with relative error smaller than a is also NP-hard.

Since the reductions for various types of network architectures are very similar,
we first state a general theorem following the approach in [4]. For a vector ¢ =
(21, Zo, - - ., Tn), T; OCCupies position i of  and is referred to as the i*" component
(or, component z) of x in the following discussions.

Consider an L-reduction from the MAX-k-cut problem to the loading problem L
with success ratio function my, satisfying the following additional properties. Given
an instance Iy = (V, F) of the MAX-k-cut problem, assume that 73 produces in
polynomial time an instance I, (a specific architecture and a training set with ex-
amples (x;y) where € Q", y € Q and n is polynomial in |V| + |E|) of the
loading problem L where the points & are of the following form:

e 2|E| copies of each of some set of special points Py (e.g. the origin),
e for each node v; € V, d; copies of one point e;, where d; is the degree of v;,
e for each edge (v;,v;) € E, one point e;;.

Furthermore, assume that the reduction performed by 7' and 75 also satisfied the
following properties:

(i) For an optimum solution for I; we can find using algorithm 7} an optimum
solution of the instance I, of the corresponding loading problem L in which
all special points P and all points e; are correctly classified and exactly those
points e;; are misclassified which correspond to a monochromatic edge (v;, v;)
in an optimal solution of I;.

(i) For any approximate solution of the instance I, of the loading problem L which
classifies all special points in the set F correctly, we can use the algorithm 75
to compute in polynomial time an approximate solution of the instance I; of
the MAX-k-cut problem such that for every monochromatic edge (v;, v;) in this
solution, either e;, e;, or e;; is misclassified.

Theorem 6 The reduction described above is an L-reduction with constants o =
k/(k —1), B =2|Py| + 3, and parameter a for any a < (k — 1)/(k* (2| Py| + 3)).

10



PROOF. Letopt(I;) and opt(/2) be the optimal values of the success ratio function
of the instances I; and I,. Remember that it is trivially true that* 1 > opt(l;) >
1 — (1/k). Hence, because of (i),

2|E||Py| + 2|E| + | Elopt(Ty)
I) =
opt(l:) 2By + 3B
2|E||Py| + 2|E| + |E|(1 — 1/k)
< RIEI R+ 3B = /)

opt(I;)

A B]
- (k 1 G- D@ER) +3|E|>> opt(h)

k
1 opt(11)

<
—k

Hence, « can be chosen as k/(k — 1).

Next we show that 3 can be chosen as 2| Py| + 3 provided a < (k—1)/(k? (2| Py| +
3)). Assume that we are given an approximate solution of the instance I of the
loading problem with cost c;.

Assume that the relative error of the given solution is smaller than a. Then we
can limit the cost of the solution by ¢; > (1 — a)opt(lz) > (1 — a)(2|Py| + 3 —
1/k)/(2|Py| + 3) due to the definition of the relative error.

Hence the solution must classify all special points from the set Py correctly.
Assume, for the sake of contradiction, that this is not true. Then,

2|E|(|Po] = 1) + 3|E|

“=""2E||P| + 3B
2|1 P 1 2|1 P 3—1/k
2|Py| + 3 2| Pyl +3

fora < (2k — 1)/(k(2|Po| + 3 — 1/k)).
If all the special points from the set P, are classified correctly, then, by (ii), we
have

opt(f1) — ¢
2|E||P)0| + 3|E| (Opt(]g) _ 62)
- |E|

= (2P| + 3)(opt(l2) — c2),

¢; denoting the cost of the solution of ;. Hence, /5 can be chosen as 2| Py|+3. O

* Consider a very simple randomized algorithm in which a vertex is placed in any one
of the k partitions with equal probability. Then, the expected value of the ratio |{(u,v) €
E | Y(u) #9y(v)}| / |E|is 1 — (1/k). Hence, opt(I;) is at least 1 — (1/k).

11



Note that in particular every optimum solution must correctly classify P, if at least
one solution with correct P, exists.

Corollary 7 Assume that a reduction as described above which fulfills properties
(i) and (ii) can be found. Assume that approximation of the MAX-k-cut problem
within relative error smaller than € is NP-hard. Then approximation of the loading
problem within relative error smaller than

(k—1)e
k(2| Po| +3)

is NP-hard.

PROOF. Obviously, since we can assume that ¢; > 1 — (1/k) and opt(l;) < 1,
we can assume that ¢ < 1/k. Hence an upper bound for a from Theorem 6 can be
estimated via

(k-1 (k-1
k> (2|Po| +3) — k(2[Po| + 3)

Hence, using Theorem 6 and Observation 5, the result follows. O

3.2 Application to Neural Networks

This result can be applied to layered H-nets directly, H(x) being the threshold ac-
tivation function, as already shown in [4]. This type of architecture is common in
theoretical study of neural nets as well as in applications. As defined in Section 1,
the architecture is denoted by the tuple (n,nq,ng,...,n,, 1). One can obtain the
following hardness result, which can also be found in [4] (except for the case when
ny = 2).

Theorem 8 For any h > 1, constant ny > 2 and any no, ..., n, € N, it is NP-
hard to approximate the loading problem with instances (N, P), where N is the
architecture of a layered {(n,n1,...,ny, 1) | n € N} H-net (ny is fixed, no,...,ny
may vary) and P is a set of examples from Q" x {0, 1}, with relative error smaller
than

1
© 68n12™ + 136n3 + 13602 + 1700,

p

Since the case of n; = 2 is not covered in [4] we provide a proof in the appendix.

12



3.2.1 The (n,2,1)-{sgd, H.}-net

The previous theorem deals with multilayer threshold networks which are common
in theoretical studies. However, often a continuous and differentiable activation
function, instead of the threshold activation function, is used in practical applica-
tions. One very common activation function is the sigmoidal activation sgd(x) =
1/(1 + e™). Therefore it would be of interest to obtain a result for the sigmoidal
activation function as well. In this section we deal with a feedforward architecture
of the form (n, 2, 1) where the input dimension n is allowed to vary from one in-
stance to the next instance (this is the same architecture used in [9]). The activation
function of the two hidden neurons is the sigmoidal activation function. Since the
network is used for classification purposes, the output activation function is the
following modification of the threshold activation function

0 ifz < —e,
H.(z) = { undefined if —e <z <e,

1 otherwise .

This modification enforces that any classification is performed with a minimum
separation accuracy e. It is necessary to restrict the output weights, too, since oth-
erwise any separation accuracy could be obtained by an appropriate scaling of the
output weights. Therefore we restrict to solutions with output weights bounded by
some constant B (we term this as the weight restriction of the output weights).
This setting is captured by the notion of so-called e-separation of the outputs (for
example, see [24]). Formally, the network computes the function

Ba(w,z) = He(asgd(a'z + ag) + Bsgd(b'z + by) + 7)

where w = (a, 8,7, a, ag, b, by) are the weights and thresholds, respectively, of
the output neuron and the two hidden neurons and ||, | 5| < B for some positive
constant B. Since we deal with only those examples (x;y) where y € {0, 1}, the
absolute value of the activation of the output neuron has to be larger than € for every
pattern in the training set which is mapped correctly.

Theorem 9 It is NP-hard to approximate the loading problem with relative error
smaller than 1/2244 for the architecture of a {(n, 2,1) | n € N}-net with sigmoidal
activation function for the two hidden neurons, activation function H in the output
neuron with ¢ < 0.5 (¢ € Q), weight restriction B > 2 of the output weights
(B € Q), and examples from Q™ x {0,1}.

PROOF. We use Theorem 6 and Corollary 7. Various steps in the proof are as
follows:
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(1) Definition of the training points:

T maps an instance of the MAX-2-cut problem with nodes V' and edges E to the
following loading problem. The input dimension n is given by n = |V/| + 5. The
points Py together with their labeling are

0V1,1,0,0,0,0;0),
0V1,0,1,0,0,0;0),
0v1,0,0,1,0,0;0),

0Vl 1,1,1,0,0;0),
0V1,0,0,0,-1.5,0.5;0),
0lV1,0,0,0,1.5,0.5; 0),
0V1,0,0,0,1+ ¢, c;0),
0"1,0,0,0, -1 — ¢, c;0)

(0™1) E
(0|V|,1,1,0 0,0;1)

(0V1,0,1,1,0,0; 1) (
(0"1,0,0,0,-0.5,0.5;1) (
(0"1,0,0,0,0.5,0.5; 1) (
(01.0,0,0,c,c;1) (
(01,0,0,0, —c, c; 1) E

withe > 1+ 8B/e- (sgd_1 (1—¢/(2B)) —sgd™" (e/(QB))) Furthermore,

e; (i=1,...,|V]) is the i*" unit vector with labeling 0,
e;;((vi, vj) € E)is the vector with 1 at positions ¢ and j from left and 0 otherwise
with labeling 1.

(2) Examination of the geometric form:
First we want to see how a classification looks like. The output neuron computes
the activation

asgd(a'z + ag) + Bsgd(b'z + by) + 7

where a and b, respectively, are the weight vectors of the two hidden neurons, aq,
by are their respective thresholds, and «, (3, and ~ are the weights and threshold
of the output neuron. First we investigate the geometric form of the output of our
network when the relative error is smaller than 1/2244°. We will use properties
of the geometric form which are not affected by the concrete parameterization of
the objects, in particular, we may scale, rotate, or translate the coordinates. For this
purpose we examine the set of points M which form the classification boundary,
i.e. the points x for which

(*) asgd(a'z +ag) + Bsgd(b'x + by) +7 =0

5 Note that we will not use the geometric form for the construction of any algorithms but
only for proofs.
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holds. The set of points & for which the left-hand side of the equation () above
is positive (resp. negative) is called the positive (resp. negative) region. If o, 3, a,
or b were 0, the output of the network would reduce to at most one hyperplane
which separates the points. Obviously, P, would not be classified correctly in this
case. Hence we will assume in the following investigation of the geometric form
that these values do not vanish. Since we are only interested in the geometric form,
we can substitute the current Euclidean coordinates by any coordinates which are
obtained via a translation, rotation, or uniform scaling. Hence we can assume that
a'x + ay = 1, where z; is the first component of x.

Assume that a and b are linearly dependent. Then the classification of an input x
depends on the value of a’z. Due to our parameterization, only the size of the first
component of a point x, the value x|, determines whether x is contained in the
positive region, the negative region, or the set M of points with output activation
0 of the network. Moreover, b = (b1,0,...,0). Depending on the weights in the
network, the positive region is separated from negative region by up to three parallel
hyperplanes of the form (z,0...,0) + a* where x is a solution of the equality
asgd(x) + Bsgd(bix + bg) + v = 0 and a* denotes the vector space of vectors
which are orthogonal to a. In order to show this claim, we have to show that the
above function z — asgd(x) + Ssgd(bi;x + bg) + v yields zero for at most three
points x € R. Remember that we assumed that «, 3, and b; do not vanish. Assume
for the sake of contradiction that the function equals 0 for four points z. These
points fulfill the equality sgd(x) = (—/3 sgd(bix + bg) — 7)/c. Since the mapping
x — sgd(byx + by) is monotonic, we can identify a connected open interval for
x where (—fsgd(b;x + by) — 7)/a is contained in ]0,1[ and hence the above
equality can possibly be solved. Within this interval we can consider the function
sgd ™' ((—Bsgd(bix + bg) —7) /) which then equals the identity  for four points.
Hence the derivative of the function sgd ™" ((—3sgd(byx+by) —7)/a) equals 1 for
at least three different points within this interval. Using the equality sgd ' (y) =
—In(1l/y — 1) for y € ]0,1[ we can compute the derivative as (a/3b; sgd(b;x +
bg)(1 — sgd(bix + bg)))/((av + v + Bsgd((bix + b)) (Bsgd(bix + by))). If we
set this term as 1, we obtain a quadratic equation for the term sgd(b;x + bg) and
hence at most two different values such that the derivative equals 1, hence at most
3 values & where the above function a:sgd(x) + Ssgd(bix + bg) + 7 equals 0.

On the other hand, if a and b are linearly independent then M forms an n — 1
dimensional manifold because it is defined as zero set of a function asgd(a‘x +
ag)+ 3 sgd (b'x +by) + where the Jacobian has full rank. For a definition of mani-
folds and related terms such as the tangential bundle, curves, and convexity see e.g.
[12,33]. The manifold M has a very specific form: The tangential space for a point
x € M consists of the directions which are orthogonal to the Jacobian at point x
of the above function. Hence the vector space a N b* is always included in the
tangential space where a' as above denotes the vectors which are perpendicular to
a and b™- denotes the vectors perpendicular to b. If a point & is contained in M then
every point & + v for v € a’ N b is contained in M, too. Note that every vector
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x € R" can be uniquely decomposed into ¢, + x,1,. Where x,, denotes a vec-
tor in the plane spanned by a@ and b, and x,.,. denotes a vector in the orthogonal
space a N b*. Note that only the first part, ,;, determines whether « is contained
in M, the positive region, or the negative region. Hence we can entirely describe the
classification given by the network if we only consider the projection of the points
to the plane spanned by a and b. Hence we can in the following restrict our inves-
tigation to the one-dimensional manifold which is obtained if we project M onto
the plane spanned by a and b. This one-dimensional manifold entirely determines
the classification of points by the network. Next we show that this projection is a
simple curve and we derive an explicit parameterization for the curve and a normal
vector field to the curve (i.e. a vector field of vectors which are orthogonal to the
respective tangent.) Assume  is an element of the one-dimensional manifold. As
above we assume a parameterization of the manifold such that z; = a'x + ag. If
;1 is chosen then we can uniquely determine b’z = sgd ' ((—asgd(x1) — v)/B)
because of (x) where this value is defined, i.e. for sgd(x;) €|(—y—8) /o, —v/a[ if
(=7 =B)/a < —7/a,orsgd(x1) €] —7/a, (=7 = B)/alif —y/a < (=y=B)/«,
respectively. Hence we find the parameterization (z1,sgd ™" ((—asgd(x1) —7)/5))
of (a'x,b'x) for z; € ]I, h[ where [ = min{sgd ' ((—y — B)/a),sgd ' (—v/a)}
and r = max{sgd '((—y — B)/c),sgd ' (—7/a)} where we set sgd ' (t) = —o0
if t < 0 and sgd *(t) = oo if t > 1. Note that the components of this mapping
are both monotonic functions. ;From (a'z, b'z) we obtain the parameterization
1 — (z'alb]’ —z'ba'd)/(|al’|b]* - (a’b)®) - a + (z'bla|* — x'aa’b)/(|a|*|b]” -
(a'b)?) - b of the curve. We refer to this curve as the curve which describes M. In
particular, this constitutes a simple connected curve parameterized by z; because
the mapping is continuous and the function z; — a'x = z; is obviously injective.
A normal vector along the curve can be parameterized by n(z;) = asgd'(x1) - a+
Bsgd (b'x +by) - b, the Jacobian. The term sgd’ (b'x + by) can again be substituted
using the equality (). We obtain

-7 - asgd(Xl)> b

n(z1) = asgd (x1) - a + (—y — asgd(x;)) <1 — 5

Define by 7(x1) = n(z1)/|n(z1)| the normalization of 7.

Now considering in more detail the four values v, v+, 7+, and y+a+ (3 several
cases can be distinguished for the curve which describes M if a and b are linearly
independent. If @ and b are linearly dependent, at most three parallel hyperplanes
separate both regions.

Case 1: All values are > 0 or all values are < (0. Then the activation of the net-
work is positive for every input or negative for every input. In particular, there
exists at least one point in P which is not classified correctly.

Case 2: One value is > 0, the others are < 0.

We can assume that v > 0 since sgd(—x) = 1 — sgd(x). We may have to
change the sign of the weights and the thresholds beforehand without affecting
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-b/|b|

-alla| Xq

Fig. 1. Classification in the second case with respect to the two relevant dimensions in the
general setting, i.e. a and b are linearly independent. The positive region is convex as can
be shown considering the vector 7 which is orthogonal to the manifold.

the activation due to the symmetries of the sigmoidal activation function: if a.++y
is positive, we substitute « by —a, v by a+7, a by —a, and ag by —ayg; if 5+ is
positive, we substitute 5 by —3, v by S+, bby —b, and by by —by; if a+ 5+
is positive we compose the above two changes.

If @ and b are linearly dependent, at most three parallel hyperplanes with nor-
mal vector a separate the positive and negative region. The number of hyper-
planes is determined by the number of points for which a:sgd(x) 4+ Bsgd(bx +
bg) + vy yields 0. If by > 0 then the above function is strictly monotonically
decreasing with z; — o0, hence at most one point 0 can be observed and
the positive region is separated from the negative region by one hyperplane. If
by < 0, we find lim,_,  avsgd(x) + Bsgd(b1x + bg) +v = a+ v < 0 and
lim,_, _o asgd(x) + Ssgd(bix + bg) + v = 4+ v < 0 hence the function can
have at most two points with value 0. The positive region is empty or convex
and separated from the negative region by two parallel hyperplanes with normal
vector a.

Assume that a and b are linearly independent. We find & < —v, and 8 < —~.
Dividing (*) by v we obtain v = 1, @ < —1, and 8 < —1. The curve describ-
ing M looks like depicted in Fig. 1, in particular, the positive region is convex,
as can be shown as follows: The normal vector 72 decomposes into a combina-
tion A1 (z1) - @ + Aa(w1) - b where \i (1) = asgd'(x1)/|i(x1)] and \y(z1) =
Bsgd'(b'x +bo)/[fi(x1)| = (—1 — arsgd(x1))(1 = (=1 — asgd(x1))/B)/[f(x1)|
and o € ]I, h[ as above. A\; and )y are in Case 2 both negative because « and
B are both negative. We now show the convexity. First we show that the curve
describing M is convex. Assume for contradiction that it was not convex. Then
there would exist at least two points on the curve with identical normal vector
n, identical coefficients A\; and Ay because a and b are linearly independent,
i.e. identical \;/\,. Consequently, there would exist at least one point x; with
(A1/X2)'(z1) = 0. Note that \; /), is obviously differentiable, though 7 is not,
since the ratio [n(z1)|/|n(z1)| is a constant 1. One can compute (A;/Xg)(z1) =
C(z1) - (=8 —1+sgd(x1)(28 +2) +sgd®(x1) (2a + o? + a3)) where C(z1) =
afsgd (x1)/((—1 — asgd(x1))*(1 + B + asgd(x1))?) # 0. If (A\1/A2)'(z1) was
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Fig. 2. Classification in the third case with respect to the two relevant dimensions in the
general setting. The vector 72 approaches —a/|a| in the limits.

0,a=pB=—-1or

() el = — 21y J (L+B)((a+ 17+ Bla+ 1))
ala+ 5 +2) o?(a+ S+ 2)?

where the term the square root is taken from is negative except for « = —1 or
g = —1 because (1 + «), (1 + ), and (1 + o + () are negative. Hence the
curve is convex unless « or 3 equals —1 which cannot take place by assumption.
Hence the positive region or the negative region is convex. We show that the
negative region is not convex, hence the positive region is necessarily convex:
since b and a are linearly independent, we can assume w.l.o.g. that the second
component by of b does not vanish. (For other nonvanishing components the
argumentation is analogous.) It holds @ < —1, § < —1, and v = 1. Choose
L > 0 such that asgd(L) + Ssgd(L) + 1 > 0. Consider the line {(L, (L(1 —
b1) — bo)/b2,0,...,0)+T-(1,(=1 —b1)/bs,0,...,0) | T € R}. Thereby only
the first two coefficients are nonvanishing. We find for the point where 7' = 0 a
positive activation of the network by assumption on L, whereas T — oo yields
the activation of the network & + 1 < 0 and 7" — —oo yields § + 1 < 0.

We finally compute the limits of n if x; approaches the borders of the in-
terval |/, h| as defined above. Because —1/a > 0, (-1 — 3)/a > 1 we find
]I, h[=]sgd™"(=1/c), co|. We can compute using the above parameterization of
fiz limy, ,oq-1(1/4) (1) = —a/|al and limg, o 7i(z1) = —b/|b|. Hence in
this case the positive region is convex with normal vector approaching a parallel
vector to @ and b, respectively. For every point on the curve the normal vector
is parallel to a convex combination of —a and —b. Moreover, the coefficients \;
and )\, defined in n are strictly monotonic functions. Note that a convex manifold
coincides with the intersection of its tangential hyperplanes.

Case 3: Two values are > 0, two values are < (.

We have already seen that if @ and b are linearly dependent, at most three parallel
hyperplanes separate the positive and negative regions.

Assume a and b are linearly independent. We can assume that the nonnegative
values are v and 4. We may have to change the role of the two hidden neurons
or the signs of the weights and the thresholds beforehand: if oo + 7 and 5 + v
are nonnegative then we substitute & by —a, v by o + v, @ by —a, and ag by
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—ayp; if @ + v and o + B + v are nonnegative then we substitute o and 5 by —«
and —f3, respectively, v by o + 5 + v, @ by —a, b by —b, ag by —ay and b, by
—by; if v and oo+ 7y, or B + v and o + 3 + y are nonnegative we change the role
of the two hidden neurons and end up with one of the first two situations. Note
that v and o + 3 4 7y cannot both be nonnegative in this situation unless all four
values equal 0 which is Case 1. Moreover, we can assume that at least one value
is nonzero, otherwise Case 1 would take place.

We can as before consider a normal vector of the curve describing M, n. The
limits |, h[ of the parameter z, yield for f > 0 the value | = sgd™'(—v/a)
(or —oo if v = 0), and h = sgd™!((—y — B)/a) (or 0 if @ + B + v = 0).
For 8 < 0 the limits are [ = sgd ™' ((—y — 8)/a) (or —oc if B + v = 0), and
h = sgd™'(—7/a) (or oo if a4 = 0). One can compute for all limits with finite
bounds [ and A the normal vector lim,, ,; A(z;) = limg, ,, (z1) = —a/|a|. For
the limits where [ or h equals oo we can consider the fraction A\;(z1)/Aa(x1)
of the coefficients of the linear combination of 7 and obtain lim,, , o, 7(z;) =
(—a+b)/| — a+ b| for v = 0, the same vector is obtained foraa + 3 +~v =10
and lim,, _,o,. We obtain lim,, , . 7(z1) = (—a —b)/|a+ b| if 5+ =0 and
the same vector is obtained for lim,, _,, and o 4+ v = 0. For values in between
we can as before consider the fraction \; /A, of the parameterization of a normal
vector n and its derivative to estimate the overall geometric form. We obtain
a formula analogous to (xx*) for possible points zero for the derivative of this
function: —yB — 72 +sgd(x;) (278 +27?) +sgd?(x1) (@B + 2ay + &) = 0. This
is constant 0 if 4 5+2vy = 0 and v = 0 or B+~ = 0 in which cases the normal
vector equals (—a —b)/|a+b| or (—a +b)/| — a + b|, respectively. Otherwise,
we obtain at most one possible solutionifa + 8+ 2y =0.Ifa+ 4+ 2y # 0
we obtain

afa+ B +7) o?(a+ 4 7)?

which has at most one solution because (5 + <) is positive by assumption
hence only the solution with ‘+’ might yield positive values. Hence the sepa-
rating curve equals either a simple line, or it has an S-shaped form with limit-
ing normal vectors —a/|a| or, in the above special cases, (—a — b)/|a + b| or
(—a + b)/| — a + b, respectively (see Fig. 2). We will use the following prop-
erty in the latter case: the term b'x + by cannot be limited from above or below,
respectively, for points @ in M if z, approaches the borders [ or h, respectively.
Le. for z; — [, the term b’x + by becomes arbitrary large or arbitrary small, re-
spectively, and an analogous result holds for z; — h. Thereby, this fact follows
from the above limits because a and b are linearly independent. Hence a unit
tangential vector of the curve which is perpendicular to the normal vector can
be decomposed into z11b + pob™ where b is some vector perpendicular to b, 1
and po € R, and the coefficient p approaches a fixed and nonvanishing limit if
x1 approaches [ or h, respectively, due to the limits of 7.

Case 4: 3 values are > 0, one value is < 0. This case is dual to Case 2. We ob-
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Trivial cases Case 2 Case 3 Case 4

Fig. 3. The different geometric cases which can occur for the form of the separating mani-
fold of the positive and negative region.

tain the possible geometric forms by changing the output sign, i.e. the positive
and negative region. Hence the negative region is convex and separated from the
positive region by up to two lines or a convex curve. The normal vector of the
curve can be written as a linear combination of @ and b: 7 = A1 (z1)a + A\y(z1)b
where \; and )\, are strictly monotonic. If x; approaches [ or h, respectively, 1
becomes parallel to a or b, respectively.

To summarize, the classification can have one of the forms depicted in Fig. 3.

(3) Only Case 2 solves F:
Next we show that for any classification only in Case 2 all the special points Py can
be classified correctly. Obviously, Case 1 is not possible.

In order to exclude Case 3 consider the last two dimensions of special points we
have constructed. The following scenario occurs (we drop the first |V| + 3 coeffi-
cients which are 0 for clarity): the points (—0.5,0.5), (0.5,0.5), (¢, ¢), (—c, c) are
mapped to 1 and the points (—1.5,0.5), (1.5,0.5), (1+¢, ¢), (=1 —c¢, ¢) are mapped
to 0 (see Fig. 4). They cannot be separated by at most three parallel lines. Assume
for contradiction that at most three parallel lines separated the points. Then one line
had to separate at least two pairs of points (—0.5,0.5), (—1.5,0.5) or (0.5,0.5),
(1.5,0.5) or (¢, ¢), (14 ¢,¢) or (—¢,c), (—1 — ¢, ¢). Since the points with second
component 0.5 are contained in a single line, we can assume w.l.o.g. that the line
separates the second and third pair, the argumentation for the other situations is
equivalent. Hence we can limit the tangent vector of the line to be contained in the
sector (¢ — 1.5,¢ — 0.5) and (¢ + 0.5,¢ — 0.5). Hence each of the remaining at
most two lines which are parallel can only separate one of the pairs (—0.5,0.5),
(=1.5,0.5) or (—¢,¢), (=1 — ¢, ¢) or (—1.5,0.5), (—c, ¢), contradiction.

¢+ @0 oce

0.5 eO Oe

-1-¢ -15 15 1+c

Fig. 4. Classification problem which is contained due to the special points if restricted to
the last two dimensions.
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lines perpendicular to b

a-irrelevant

a-relevant

Fig. 5. Outside the a-relevant region, we can disregard the specific form of the contribution
a'x + ag and substitute it by a constant. Then we obtain separating lines in the last two
dimensions.

Hence, a and b are linearly independent which means that the separating manifold
has an S-shaped form. Note that we will only use properties on the size of b'x + b,
for points & on the curve where z; — [ or z; — h, respectively, in order to derive
a contradiction. Define py := sgd~'(¢/(2B)) and p; := sgd ™' (1 — ¢/(2B)). The
set of points {x | py < a*x + ay < p1} and {x | py < bz + by < p,} are called
the a- or b-relevant region, respectively. Outside, sgd(a‘a + ag) or sgd(b'z + by),
respectively, can be substituted by a constant, the difference of the output activation
being at most €/2. More precisely, every constant sgd(a’z + ag) or sgd(b'x + by),
respectively, for a fixed z € M with a'x + ay < po or > py, respectively, or
b'x + by < py or > py, respectively, will do. Note that due to the monotonicity of
both components of the map z; + (a‘x +ao, b'x+by) for z; €]I, h[ the curve will
stay outside the a-relevant respectively b-relevant region if the curve has crossed
the boundary towards the respective region.

Now it is first shown that three points forming an isosceles triangle with height
at least ¢ — 1 and base length at least 2¢ are contained in the a-relevant region.
This leads to a bound for the absolute value of a. Second, if three points forming
an analogous triangle are contained in the b-relevant region the same argument
leads to a bound for the absolute value of b. Using these bounds it can be seen
that neighboring points cannot be classified differently. Third, if no such triangle
is contained in the b-relevant region, the part b'a + b, does not contribute to the
classification of neighboring points outside the b-relevant region and the two points
(¢,¢) and (1 + ¢, ¢) or the two points (—c¢, ¢) and (—1 — ¢, ¢), respectively, cannot
be classified differently.

First step: Since the points with second component 0.5 cannot be separated by
one hyperplane, one point (z,0.5) with x € [—1.5,1.5] exists inside the a- and
b-relevant region, respectively. Assume the points (¢, ¢) and (1 + ¢, ¢) were both
outside the a-relevant region. Then they were contained either on different sides
i.e. pg > a'x+ag for one of the points and a'x +ag > p; for the other point or they
were both contained at the same side, e.g. py > a’x + ay for both points. (The case
where a'x+ag > p; holds for both points is analogous.) We first consider the latter
case (see Fig. 5): as already mentioned, we could then substitute the respective parts
sgd(a'x + ag) by the value obtained for any further point & of the curve with py >
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a'x+ay, the difference being at most €/2. The term b*&+by is unlimited either from
above or from below if z; approaches the respective limit of the parameterization
[ or h, as shown beforehand. Hence we can find a point @, of the curve with py >
a'z, + ay such that the corresponding value b‘x,, + by is larger than b’z + by for
both, z = (¢, c) and ¢ = (1 +¢, c), or it is smaller than the value b’z + b, for both,
x = (c¢,c) and ¢ = (1 + ¢, ¢). Because x, yields the activation 0 and the first part
asgd(a'z + ay) differs at most ¢/2 for x,, (c,c), and (1 + ¢, ¢), the points (c, c)
and (1 + ¢, c) cannot be classified differently with an activation of absolute value
larger than e. Contradiction. If the two points (¢, ¢) and (1 + ¢, ¢) were contained in
different sides outside the a-relevant region then the points (—c¢, ¢) and (—1 — ¢, ¢)
were both not contained in the a-relevant region and they were both contained in
the same side. Hence we would obtain an analogous contradiction for these latter
two points.

The same argument shows that one of (—c¢, ¢) and (—1 — ¢, ¢) is contained inside
the a-relevant region. Therefore the a-relevant region contains an isosceles triangle
with height at least ¢ — 1 and hence a circle with diameter at least (¢ — 1)/4.
Consequently, a < 4(p1 — po)/(c — 1) < €/(2B), where a = |(an+4, Gn+s5)|-

Second step: If one of the points (¢, ¢) and (1 + ¢, ¢) and one of the points (—c, ¢)
and (—1—c¢, c) is contained in the b-relevant region, we could conclude in the same
way b < €¢/(2B) for b = |(by 14, bnt5)|- This leads to the following contradiction:
we find for the points &, = (0,...,0,¢,¢) and &3 = (0,...,0,1+¢,¢)

lasgd(a'®; + ag) + Bsgd(b'z; + bg) +
— asgd(at®s + ag) — Bsgd(b'x; + by) — 9

< |a| |atx; — alxy| + |B] |bPe — bles| < €

because |a/, | 5| < B and [sgd(x) — sgd(x + §)| < § for every § > 0.

Third step: If both points (¢, ¢) and (1 + ¢, ¢) or both points (—¢, ¢) and (=1 — ¢, ¢)
are outside the b-relevant region, the difference of the values sgd(b'x — bg) with
corresponding @ is at most €/(2B). The same contradiction results.

This excludes Case 3.

Next we exclude Case 4. The classification includes in the dimensions [V |+ 1 to
|V| + 3 the situation depicted in Fig. 6. At most two parallel planes cannot sepa-
rate a convex negative region. To show this claim, assume for contradiction that at
most two parallel planes classified the points correctly such that the negative region
is convex. The points are obviously not linearly separable. Hence one plane has to
separate the point (0, 0, 0) (we drop all but dimensions |V'|+1 to [V'|+ 3 for clarity)
and all points (1,0, 0), (0,1,0), (0,0,1), and (1,1, 1), one plane separates (1, 1,0)
from the four negative points, one plane separates (0, 1, 1). Assume a normal vector
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separating
y lines

Fig. 6. Classification problem; projection of the classification to the plane which is de-
scribed by the weight vectors of the two hidden neurons, at least one negative point is not
classified correctly.

of the respective plane is given by the coefficients (n1, ny, ng). For the plane sepa-
rating (0,0, 0) we find n; < 0 (because of (1,0,0)), no < 0 (because of (0, 1,0)),
ns < 0 (because of (0,0, 1)). For the plane separating (1,1,0) we find n3 < 0,
ny > 0, ng > 0; for the plane separating (0,1, 1) we find n; < 0, ny > 0, ng > 0.
Hence we would need three different and not parallel planes. Contradiction.

Consequently, a and b are linearly independent. The negative points are contained
in a convex region. Because the negative region can then be obtained as the in-
tersection of all tangential hyperplanes of the separating manifold, each positive
point is separated by at least one tangential hyperplane of the separating mani-
fold M from all negative points. Consider the projection to the plane spanned by
a and b which determines the classification of the points. Following the convex
curve which describes M, i.e. for increasing parameter x; of the parameterization,
the signs of the coefficients of a normal vector can change at most once because
n(z1) = Ai(x1)a + Ae(z1)b with strictly monotonic A; and Ay, A; is negative and
increasing, )\, is negative and decreasing. The limits of n for x;y — [ or z; — h,
respectively, are —a/|a| and —b/|b|, respectively. In particular, each component
of 7 can change its sign at most once. But a normal vector of a hyperplane which
separates one of the positive points necessarily has the signs (+, +, —) for (1,1, 0),
(—,+,+) for (0,1,1), and (—,—,—) for (0,0,0) in the dimensions [V| + 1 to
|V| + 3; these signs can be computed as the necessary signs for a normal vector of
a plane which separates the respective positive point from all negative points as in
the linearly dependent case. Independent of the order in which the points are visited
if z; increases, at least one component of 72 changes the sign twice, a contradiction.
Hence any classification which maps Py correctly is of the type as in Case 2.

(4) Property (i):

Next we show that the correspondence demanded in property (i) of Theorem 6
holds. An optimum solution of the MAX-2-cut problem leads to the following ap-
proximate solution of the loading problem with weights « = = —1, v = 0.5,
a = K- (a,...,a,,1,-1,1,1,-1), b = K - (by,...,by,—1,1,-1,—1,-1),
ap = —0.5- K, by = —0.5 - K, where K is a positive constant and

1 if v; is in the first cut
a; =
—2 otherwise
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Fig. 7. Classification corresponding to a bichromatic edge in the two relevant dimensions
for linearly independent a and b (solid line) and linearly dependent a and b (dashed line),
respectively.

and

1 if »; is in the second cut

—2 otherwise

For appropriate K, this misclassifies at most the points e;; for which the edge
(vi, vj) is monochromatic. Note that we can obtain every accuracy € < 0.5 with
appropriate K which is independent of the particular instance.

Conversely, assume that an optimum solution of the loading problem is given. This
classifies P correctly. Consequently, we are in Case 2. We can easily compute
an equivalent solution with v > 0 performing the weight changes as described in
Case 2. Define a solution of the MAX-2-cut problem such that exactly those nodes
v; with a@; > 0 are in the first cut. Any edge (v;,v;) such that e;; is classified
correctly is bichromatic because in dimensions ¢ and j the following classification
can be found: (0,0) and (1, 1) are mapped to 1, (0,1) and (1, 0) are mapped to 0
(see Fig. 7). (The above are dimensions ¢ and j, the other are 0 and hence dropped
for clarity.) If @ and b are linearly dependent then the positive region is separated
from the negative region by at most two parallel lines (in dimensions ¢ and j) with
normal vector orthogonal to a, the positive region is convex. A normal vector of
the two lines which bounds the positive region in dimension ¢ and j , respectively,
has obviously two different signs: (—, +) for (1,0) and (4, —) for (0, 1). Conse-
quently, a; and a; have different signs. In the linearly independent case, i.e. when
the positive region is separated by a convex curve with normal vector contained
in the sector spanned by —a and —b, we can find two tangential hyperplanes of
the separating manifold such that these hyperplanes each separate one of the neg-
ative points. In the dimensions 7 and j, which are the only relevant dimensions for
this case because all other dimensions equal 0 for the considered points, we then
find tangential lines which separate the respective negative point from (0, 0) and
(1,1), respectively. The i*" or j*" component, respectively, of a normal vector of
such a separating line is necessarily positive in order to separate e; or e; from 0,
respectively, but the signs cannot be equal because of the classification of e;;. Fur-
thermore, each sign of a component of a normal vector can change at most once if
we follow the convex curve for increasing x1. The limit for z; — [ equals —a/|a).
Consequently, the signs of a; and a; have to be different.
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(5) Property (ii):

Finally we establish property (ii) of Theorem 6: given a set of weights forming
a solution for the loading problem corresponding to an architecture it is possible
to compute a cut as demanded in property (ii). Because P is classified correctly
we can assume that the classification is of Case 2 and without loss of generality,
we can assume again that v > 0 (note that the weight changes in Case 2 can be
computed in polynomial time). As before, we can define a solution of the instance
of the MAX-2-cut problem via the sign of a;, i.e., the nodes v; with positive a; are in
the first cut (again, note, that this can be computed in polynomial time). If (v;, v;)
is monochromatic and e; and e; are correctly classified then e;; is not classified
correctly which is shown using the same argument as before. O

Unfortunately, the above situation restricts to the case of e-separation which seems
realistic for some applications but is nonetheless a modification of the original
problem. However, this restriction offers the possibility of transferring the hard-
ness result to networks with activation functions which are similar to the standard
sigmoid.

Definition 10 Two functions f,g : R — R are e-approximates of each other if
|f(z) —g(z)| < eforallz € R

Corollary 11 It is NP-hard to approximate the loading problem with relative error
smaller than 1/2244 for the architecture of a {(n, 2,1) | n € N}-net with activation
function o in the hidden layer, activation function H in the output with ¢ < 1/3
(e € Q), weight restriction B > 2 of the output weights (B € Q), and examples
from Q" x {0, 1}, provided that o is €/(4B)-approximate of sgd.

PROOF. The proof goes via L-reduction from the MAX-2-cut problem and Theo-
rem 6. Since it is almost identical to the proof of Theorem 9, except that sigmoidal
networks are substituted by o-networks which is possible because o is €/(4B)-
approximate of sgd, we only sketch the identical parts and show the modifications
due to the new activation function o.

Assume that we are given an instance of the MAX-2-cut problem. One can re-
duce this instance of the MAX-2-cut problem to an instance of the loading problem
for the sigmoidal network with weight restriction B and minimum accuracy €/2.
This training set can be loaded with a network with activation function sgd and
every accuracy of value less than 0.5 such that only the points corresponding to
monochromatic edges are misclassified. We substitute the function sgd by o in this
network. Since the weights of the output neuron are at most B, the output activation
is changed by at most €/2. Hence the o-network classifies all points but points cor-
responding to monochromatic edges correctly with accuracy € < 1/3 < 0.5 — ¢/2.
Conversely, any solution of this loading problem with a network with activation
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function o, accuracy €, and weight restriction B leads to a solution for a network
with activation function sgd with accuracy €/2 of the same quality. This is due to
the fact that o and sgd differ by at most ¢/(4B) and hence the output activation is
changed by at most €¢/2. Considering the signs of the weights in this sigmoidal net-
work, we can construct a cut in the same way as in the proof of Theorem 9. At most
the edges (v;, v;) corresponding to misclassified points e;; are monochromatic and
the same holds for the o-network, too. Hence property (i) of Theorem 6 holds.

Conversely, given a solution of the loading problem for the activation function o
with accuracy e we first substitute the activation o by sgd obtaining a solution for
sgd of the same quality with accuracy €/2. A computation of a cut in the same way
as in the sigmoidal case leads to a cut where every misclassified point for sgd comes
from either a misclassification of e;, e;, or e;;. Hence this point was misclassified
by the network with activation o as well. Hence property (ii) of Theorem 6 follows.
Since the factors concerning the L-reduction are the same as in Theorem 9, we
obtain the same approximation bound. O

3.2.2 The (n,2,1)-{lin, H}-net

In this section, we consider the approximability of the loading problem with the
semilinear activation function which is commonly used in the neural net litera-
ture [6,11,14,22]. This activation function is defined as:

0 ifz <0
lin(z) =¢z if0<z<1

1 otherwise

It is continuous and captures the linearity of the sigmoidal activation at the origin
as well as the asymptotic behavior of the sigmoid for large values. The following
result is of interest since it is not necessary to restrict the output activation to the
situation of e-separation now.

Theorem 12 [t is NP-hard to approximate the loading problem with relative error
smaller than 1/2380 for {(n,2,1) | n € N}-architectures with the semilinear acti-
vation function in the hidden layer, the threshold activation function in the output,
and examples from Q" x {0, 1}.

Hence we have generalized the approximation results to more realistic activation
functions. The proof, which is similar to Theorem 9, can be found in the appendix.
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3.3 Avoiding Multiplicities

In the reductions of previous sections examples with multiplicities were contained
in the training sets. One may ask the question as to whether this is avoidable since
the training set in some learning situations may not contain the same pattern many
times.

Consider the following modification of the reduction of the MAX-£-cut problem to
a loading problem: 77 yields the following mutually different points:

e points p!, | = 1,...,3|E| forming the set P,
e for each node v;, points el, | = 1,..., 2d;, where d; is the degree of v;,

e for each edge (v;, v;), points e;; and o;.
and, assume that the algorithms 7 and 7 satisfy the following properties:

(i’) For an optimum solution of the MAX-k-cut problem we can find an optimum
solution of the instance of the corresponding loading problem L in which the spe-
cial points Py and all e} points are correctly classified and exactly the monochro-
matic edges (v;, v;) lead to misclassified points e;; or 0;;.

(ii’) For any approximate solution of the instance of the loading problem which
classifies, for each 4, at least one point p in P, correctly, we can use the algorithm
T, to compute, in polynomial time, an approximate solution of the instance of
the MAX-k-cut problem with the following property: for any monochromatic
edge (v;, vj) in this solution, either e;; or o;; or eé for all [ or eé- for all [ are
misclassified.

Theorem 13 Under the assumptions stated above the reduction is an L-reduction
with constants o = k/(k—1), 8 = 3py+ 6, and a = (k — 1) /(k*(3po + 6)), where
po = |Rol/BIE]),

Corollary 14 The reductions in Theorems 8, 9, and 12 can be modified such that
both (i’) and (ii’) hold. Hence minimizing the relative error within some (smaller
compared to those in Theorems 8, 9, and 12) constant is NP-hard even for training
sets where no example is repeated more than once.

The proofs of Theorem 13 and Corollary 14 can be found in the appendix.

3.4 Correlated Architecture and Training Set Size

The reductions in the previous sections deal with situations where the number of
examples is much larger than the number of hidden neurons. This may be unreal-
istic in some practical applications where one would allow larger architectures if a
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large amount of data is to be trained. One reasonable strategy would be to choose
the architecture such that valid generalization can be expected using the well known
bounds in the agnostic or PAC setting [34].

Naturally the question arises about what happens to the complexity of training in
these situations. One extreme position would be to allow the number of training
examples to be at most equal to the number of hidden neurons. Although this may
not yield valid generalization, the decision version of the loading problem becomes
trivial because of [32]:

Observation 15 [f the number of neurons in the first hidden layer is at least equal
to the number of training examples and the activation function is the threshold func-
tion, the standard sigmoidal function, or the semilinear function (or any activation
function o such that the class of o-networks possesses the universal approximation
capability as defined in [32]) then the error of an optimum solution of the loading
problem is determined by the number of contradictory points in the training set (i.e.

points (z;y1) and (x; yo) with y; # ys.)

The following theorem yields a NP-hardness result even if the number of examples
and hidden neurons are correlated.

Theorem 16 Approximation of the success ratio function my, with relative error
smaller than c/k? (c is a constant, k is the number of hidden neurons) is NP-hard
for the loading problem with instances (A, P), where A is a (n, k, 1)-H-architecture
(n and k may vary) and P C Q" x {0, 1} is an example set with k*° < |P| < k™.

PROOF. The proof is via a modification of an L-reduction from the MAX-3-cut
problem. Assume that, in Definition 4 of an L-reduction, the algorithm 77, given
an instance I, produces in polynomial time an instance I of Cs and a parameter
B(I1) > 0, which may depend on the instance I, such that the maxima opt(/;) and
opt(I,), respectively, satisfy opt(I5) < « opt([1), and the algorithm 75 maps in
polynomial time a solution of the instance I of cost ¢y with relative error at most
¢/(aB(I1)) to a solution of the instance I; of cost ¢; such that the costs ¢; and ¢y
satisfy (opt(Z1) — ¢1) < B(I1)(opt(I3) — c2). Notice that 3 need not be a constant.
Then, assuming that the problem C is NP-hard to approximate within relative error
€, we can conclude immediately that it is NP-hard to find an approximate solution
of instances 77 (I1) of problem Cy with relative error smaller than €/(a/5(1;)). We
term this modified reduction a generalized L-reduction.

The algorithms 7 and 75, respectively, will be defined in two steps: mapping an
instance of the MAX-3-cut problem to an instance of the MAX-k-cut problem with
an appropriate k£ and then to an instance of the loading problem as in Theorem 6, af-
terwards, or mapping a solution for the loading problem to a solution of the MAX-
k-cut problem and then to a solution of the MAX-3-cut problem afterwards, respec-
tively.
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Fig. 8. Construction of p*/ and m%/: The points result by dividing each point %/ on the
lines into a pair. Each group, indicated in the picture by p* and n’, is to be separated by an
additional line.

We first define 73: given a graph (V, E) define k = |V| - |E| (w.l.o.g. assume that
k > 2)and (VI, E’) with V' =V U {/U‘V‘+1, cey U\V\+k73}7 E'=FU {(Ui, ?)j) ‘ 1€
{IVI+1,...,|[V|+k—3}forj e {1,...,|V|+k—3}\{i}} where the new edges
in E’ have the multiplicity 2| E| (i.e., 2| E| copies of each new edge are contained
in E'). Reduce (V', E') to an instance of the loading problem for the (n, k£, 1)-H-
architecture with n = |V’/| 4+ 3, k = |V/| - |E| and the following examples:

(1) 2|E'| copies of the origin (0"; 1),
(2) d; copies of the point e; = (0,...,0,1,0,...,0;0) (where the 1 is at the i}
position from left) for each v; € V', d; being the degree of v;,
(3) avector e;; = (0,...,0,1,0...,0,1,0,...,0;1) for each edge (v;,v,) in E
(where the two ones are at the 7** and j*® positions from left),
(4) 2|E’| copies of each of the points (0'V', p¥/. 1;1), (0V'], n¥ 1;0), where p*
and n¥ are constructed as follows: define the points % = (4(i —1) + 7,7 (1 —
1) +4((i —2) + ...+ 1)) fori € {1,...,k} and j € {1,2,3}. These 3k
points have the property that if three of them lie on one line then we can find
an i such that the three points coincide with !, 2, and *3. Now we divide
each point into a pair p*/ and n* of points which are obtained by a slight shift
of % in a direction that is orthogonal to the line [z, £*3] (see Fig. 8). More
precisely , p¥ = % +eN; and n¥ = % — eN;, where N is the normalized
normal vector of the line [z*!, 3] and ¢ is a small value which can be chosen
in such a way that the following holds:
Assume one line separates three pairs, say (n'7!, p"it), (n%2, p™72), and
(n?#73, p%33), then the three pairs necessarily correspond to the three points
on one line, which means 3; = 15 = 3.
Using Proposition 6 of [26] it is sufficient to choose € < 1/(24k(k — 1) + 6).
Hence the representation of n%/ and p¥ is polynomial in n and k.

Note that the number of points equals 5|E’| + 12k| E’| which is at most (| V|| E|)* =
k* and at least (|V'||E|)35 = k3 for large enough |V|. An optimum solution of the
instance of the MAX-3-cut problem gives rise to a solution of the instance of the
MAX-k-cut problem with the same number of monochromatic edges via mapping
the nodes in ¥V N V' to the same three cuts as before and defining the i*® cut by
{vjv4i} for i € {1,...,k — 3}. This solution can be used to define a solution of
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the instance of the loading problem as follows:

e for neuron ¢ in the hidden layer:
- the 7™ weight, for 1 < j < |V|, is chosen as
—1 if vj is in the 5™ cut

2 otherwise

- the threshold is chosen as 0.5,
- the ([V'] + 1), (|[V'| + 2)™ and (|]V'| + 3)*™" weights are chosen as (—i +
1,1,—0.5 + 2i(i — 1)) which corresponds to the line through the points z*',

z*, and z.
o the output unit has the threshold —& 4 0.5 and all weights are 1, i.e. it computes
the function AND: (z1,...,2%) — 1 A ... A xi of its inputs ;.

With these choices of weights it is easily seen that all examples except the points
e;; corresponding to monochromatic edges are classified correctly.

Conversely, an optimum solution of the loading problem classifies all points in 1,
2, and 4 and all points e;; corresponding to edges in E'\ E correctly because of the
multiplicities of the respective points. As in the proof of Theorem 8 we can assume
that the activations of the neurons do not exactly coincide with 0 when the outputs
on P are computed. Consider the mapping which is defined by the network on the
plane

{(Oa R 05 Tnt+1s Lnt2, ]-) | Tn+1; Tnt2 € R}

The points p” and n are contained in this plane. Because of the different out-
puts each pair (p*,n%) is to be separated by at least one line defined by the
hidden neurons. Hence the lines nearly coincide with the line through [z, %3],
1 =1,...,k. Denote the weights and the threshold of the output neuron of the net-
work by wy, ..., wy and 0, respectively. We can assume that the i*" neuron maps
p“ to 0 and n% to 1 for all j, since otherwise we change all signs of the weights
and the threshold in neuron z, we change the sign of the weight w;, and increase
f by w; to satisfy this condition. Hence # > 0, § 4+ w; < 0 for all 7 and therefore
0+ w;, +...+w;, <Oforalldy,...,3 € {1,...,k} with{ > 1. This means that
the output unit computes the function NAND : (z1,...,2,) — —Z1 A... Az, On
binary values of =1, x5, .. ., x,.

Define a solution of the instance of the MAX-k-cut problem by setting the i*! cut
c; as {v; | the i'™™ hidden neuron maps e; to 1}\(c; U ... U ¢;_). Because of the
classification of the points e; all nodes are contained in some cut. Assume some
edge (v;,v;) is monochromatic. Then e; and e; are mapped to 1 by the same hid-
den neuron, hence the vector e;; is mapped to 1 also because of the classification
of the origin. Hence e;; is classified incorrectly. All e;; points corresponding to
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edges in E'\ E' are classified correctly, hence each of the nodes vy 1, ..., Vv 4x—3
form one cut and the remaining nodes are contained in the remaining three cuts.
These three cuts define a solution of the instance of MAX-3-cut such that all edges
corresponding to misclassified e;;’s are monochromatic.

Denote by opt; the value of an optimum solution of the MAX-3-cut problem and
by opt, the optimum value of the loading problem. We have shown that

|Elopt + (1B'| ~ |E]) + 41| + 122k
P2 = 5B+ 12|E'|k

3
< §0Pt1-

The quantity 3 which is computed by the algorithm 7T equals ¢k?, ¢ being a fixed
positive constant which can be chosen appropriately such that ¢ - k* > (5|E'| +
12|E'|k)/|E.

Next we construct 75. Assume that a solution of the loading problem with rel-
ative error smaller than c¢/k?® is given. Then the points 1 and 4 are correct due
to their multiplicities. Otherwise the relative error of the problem would be at
least |E'|/(5|E'| + 12|E'|k) > ¢/k? for appropriately small ¢ and large k. As be-
fore we can assume that the output neuron computes the function NAND: =
—z1 A ... A\ —zi. Define opt, to be the value of an optimum solution of the load-
ing problem and c, the value of the given solution. Assume that some point e;;
corresponding to an edge in E'\ F is misclassified. Then 75 yields an arbitrary so-
lution of the MAX-3-cut problem. For the quality c¢; of this solution compared to
an optimum opt, we have

5|E'| + 12| E'|k
opt, —¢; <1< | H|—E|| ‘(Oth—Cg).

This holds because an optimum solution of the loading problem classifies correctly
at least | E'| more points than the solution considered here.

If all e;; points corresponding to edges in E'\ E are classified correctly then we de-
fine a solution of the MAX-3-cut problem via the activation of the hidden neurons
as discussed above. Remaining nodes become members of the first cut. An argu-
ment similar to above shows that each monochromatic edge comes from a misclas-
sification of either e;, e;, or e;;. Hence

5|E'| + 12| E'|k
E|

opt; — ¢ < (opty — ca) .

With o = 3/2, 8 =¢- k3 > (5|E'| + 12|E'|k)/|E| for appropriate constant ¢, and
using Theorem 3, our result follows. O
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In the above theorem, the number of points is upper bounded by a term involving
the number of hidden neurons. Since the approximation factor depends on the num-
ber of hidden neurons, we added the lower bound k3 which excludes situations
where every point is to be classified correctly due to the bound of the approxima-
tion ratio and the size of the training set.

4 Hardness of Approximating the Failure Ratio Function

In the remaining part of this paper we consider another objective function, the ob-
jective of minimizing the failure ratio. We use the notations introduced in Sec-
tion 2. Given an instance z of the loading problem, denote by m¢(z,y) the num-
ber of points in the training set (counted with multiplicities) misclassified by a
network y. Given a constant ¢, we want to find weights such that opt,(z) <
me(z,y) < c- opto(x) where y denotes the network with our weights. Notice
that if opt,(z) > 0, this is equivalent to investigating if the failure ratio my can
be bounded above by a constant. Hence this problem is referred to as the problem
of approximating the minimum failure ratio within a constant ¢ while learning in
the presence of errors [2]. If restricted to situations where a solution without errors
exists this only yields the original loading problem since no errors are allowed in
the approximation either. Hence we restrict to situations where no solution without
misclassified points exists.

4.1 Approximation within constant factors

We want to show NP-hardness of approximation of m; within some bound by a
layered H-net. It turns out that the bound on approximation of m; for which we
can prove NP-hardness is a constant independent of the number of neurons of the
network architecture. For our purpose we use a reduction from the set-covering
problem.

Definition 17 (Set Covering Problem) [15] Given a set of points S = {sy, ...,
sp} and a set of subsets C = {C,...,Cp} of S, find indices I C {1,...,m} such
that U;e; C; = S. If such a set of indices exists, then the sets C;,1 € I, are called a
cover of S (or, said to cover S). A cover is called exact if the sets in the cover are
mutually disjoint. The goal in the optimization version of the set covering problem
is to find a set of indices I for a cover with |I| being the minimum possible.

Definition 18 (Satisfiability Problem) [/5] Given a Boolean formula @, in con-
Jjunctive normal form, over a set of variables U, find a truth assignment which sat-
isfies the formula (i.e. makes the value of the formula true).
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Both the satisfiability problem (or SAT problem for short) and the set-covering
problem is known to be NP-hard [15]. For the set-covering problem the following
result also holds, showing that it is NP-hard to approximate this problem within
every constant factor ¢ > 1.

Theorem 19 [7] Forevery c > 1 there is a polynomial time reduction that, given
an instance ¢ of SAT, produces an instance of the set-covering problem and a num-
ber K € N with the properties: if ¢ is satisfiable then there exists an exact cover of
size K, but if ¢ is not satisfiable then every cover has size at least c - K.

Using Theorem 19, Arora et.al. [2] show that approximating the minimum failure
ratio is NP-hard for the simple perceptron model, i.e. {(n,1) | n € N} nets with
threshold activation function, for every constant ¢ > 1 if the threshold of the output
neuron is zero. We can obtain a similar result for arbitrary layered H-nets where the
thresholds of the neurons in the first hidden layer are fixed to 0.

Theorem 20 Assume that we are given a layered H-net where the thresholds of the
neurons in the first hidden layer are fixed to 0, the number of neurons in the first
hidden layer is fixed, and the input dimension n varies. Let ¢ > 1 be any given
constant. Then the problem of approximating the minimum failure ratio for such an
architecture while learning in the presence of errors within a factor < c is NP-hard.

PROOF. The case without any neurons in the hidden layers is already proved
in [2], hence we assume that at least one hidden layer is present. Assume that we
are given a formula ¢ of SAT. First, we transform this formula in polynomial time
(with the given constant ¢) to an instance (S = {s1,...,s,},C = {Cy,...,Cpn})
of the set-covering problem and a constant K such that the properties in Theo-
rem 19 hold. Next, we transform this instance of the set-covering problem to an
instance of the loading problem for the given architecture with input dimension
n =m 4+ 2+ n; + 1 (where n; denotes the number of neurons in the first hidden
layer) and the following examples from Q" x {0, 1}:

(D (e;,0,1,0m*1), (—e;,0,1,0mF 1), e, € Q™ being the i*® unit vector (for
1 <1< m),

(II) ¢ - K copies of the points (e, —1,1,0™%!;1), (—e,, 1,1,0™T: 1), where
e;, € {0,1}™ is the vector with j*" component as 1 if and only if s; € C},
ief{l,...,p},

(II) ¢ - K copies of the points (0™, 1,0,0™*: 1), (0™,1/(2m),1,0"*: 1), and
(0™, —1/(2m),1,0™*: 0), where the component m + 1 is nonzero in all three
points and the component m + 2 is nonzero in the latter two points,

(IV) ¢ - K copies of the points (0™2, p,, 1;0), (0™2 p,y, 1;1), (0™2, 2;,1; 1),
(0m+2 %;,1;0), for all vectors p, € {—1,1}"\(1,...,1), p, = {1}™, where
the points 2; and Z; (fori = 1, ..., ny(ny + 1)) are constructed as follows:

select n; + 1 points in each set H; = {x = (z1,22,...,2,,) € R" | 2; =
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0,z; > 0Vj # i} (denote the points by z;, 22, ...) such that any n; + 1
of these points lie on one hyperplane if and only if they are contained in one
H;. Such points exist as shown in [26]. For z; € H; define 2; € Q™ by
Zj = (%1, 1 2jio1, 6 Zjit1, - - - Zjny ); and Z; € Q" by Z; = (241, .. ., Zji—1,
—€, Zjitls e e zjm), for some small value ¢ which is chosen such that the
following property holds: if one hyperplane in R™ separates at least n; + 1
pairs (2;, Z;), these pairs coincide with the n; + 1 pairs corresponding to the
ny + 1 points in some H;, and the separating hyperplane nearly coincides with
the hyperplane through H;. It is shown in [26] that such points exist and an
appropriate € can be computed depending on the points z;.

For an exact cover of size K, let the corresponding set of indices be I = {iy,
..., ik }. Define the weights of a threshold network such that the i*" neuron in the
first hidden layer has the weights (e;,1,1/(4m), €;, 0) where the 5" component of
e; € {0,1}%lis 1 if and only if j € I and e, is the 7" unit vector in Q™. Each of the
remaining neurons in the other layers computes the function € +— 1 A.. . Ax; A ..
of their inputs z;. Since the cover is exact, this maps all examples correctly except
K examples in (I) corresponding to sets in the cover.

Conversely, assume that every cover has size at least ¢ - K. Assume, for the sake of
contradiction, that there is some weight setting that misclassifies less than ¢+ K ex-
amples. We can assume that the activation of every neuron is different from 0 on the
set of examples: for the examples in (IV) the weight w,, serves as a threshold, for the
points in (I), (IT), and (ITI) except for (0™, 1,0"%2; 1) the weight w,, o serves as a
threshold, hence one can change the respective weight which serves as a threshold
without changing the classification of these examples such that the activation be-
comes nonzero via enlarging the respective weight by |d|/4, d being the maximum
negative activation of the neuron. Assuming that the activation of (0™, 1,0m%2; 1)
is zero we can increase the weight w,,; such that the sign of the activation of all
other points which are affected does not change. The precise value can be computed
in polynomial time depending on the other weights and activations of the points.
Because of the multiplicity of the examples we can assume that the examples in
(II)-(IV) are correctly classified. We can assume that the network function has the
form Ba(w, ) = fi(x) A... A fn,(x) where f; is the function computed by the
i*" neuron in the first hidden layer because of the points in (IV). This is due to the
fact that the points 2z; and 2z; enforce the respective weights of the neurons in the
first hidden layer to nearly coincide with weights describing the hyperplane with
i*® coefficient zero. Hence the points p; are mapped to the entire set {0, 1}™ by the
neurons in the first hidden layer and determine the remainder of the network func-
tion. Hence all neurons in the first hidden layer classify all positive examples except
less than ¢ - K points of (I) correctly and there exists one neuron in the first hidden
layer which classifies the negative example in (III) correctly as well. Consider this
last neuron. Denote by w the (vector of) weights of this neuron. Because of the
examples in (III), w41 > 0. Define I = {i € {1,...,m} | |w;| > wpy1/(2m)}.
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Assume that {C; | ¢ € I} forms a cover. Because of the examples in (III) we
have wy,+1/(2m) + wpyo > 0 and —wy,1/(2m) + wyee < 0. Therefore one
of the examples in (I) is classified incorrectly for every ¢+ € [I. This leads to >
c - K misclassified examples because every cover is of size > ¢ - K. This is a
contradiction.

Otherwise, assume that {C; | i € I} does not form a cover. Then one can find
for some 7 < |S| and the point (e,,, —1,1,0™*!) in (II) an activation < m -
Wint1/(2M) — Wiy 1 + Winyo = Winyo — Wiy /2 which is < 0 because it holds that
—Wmt1/(2m) + Wpyo < 0, w1 > 0 (I). This yields a misclassified example
with multiplicity ¢ - K. This is again a contradiction.

We can now complete the proof of the theorem very easily. Assume, for the sake
of contradiction, that we can approximate the minimum failure ratio of the loading
problem within a factor of c¢. Then we could transform, in polynomial time, a given
instance ¢ of the SAT problem to an instance of the set cover problem and then
to an instance of the the loading problem as described above with the following

property:

e if ¢ is satisfiable, then the loading problem has a solution with K misclassifica-
tions,

e if ¢ is not satisfiable, then every solution of the loading problem has at least cK
misclassifications.

Since, we can approximate the minimum failure ratio within a factor < ¢ in poly-
nomial time, we can decide, given an approximate solution of the loading problem,
whether the loading problem has a solution with K misclassifications, or whether
alternatively every solution of the loading problem has at least cK misclassifica-
tions. This means that we would then know if ¢ is satisfiable or not, thereby solving
the SAT problem, an NP-hard problem, in polynomial time. O

Since an arbitrary constant ¢ > 1, which is independent of the architecture, may
be used in the above theorem, this theorem suggests that in the presence of errors
training may be extremely difficult.

4.2 Approximation within large factors

Assuming that NP DTIME (n>*(°8™)) one can show that even obtaining weak ap-
proximations, i.e. approximations within some large factor which depends on the
input dimension, is not possible . For this purpose a reduction from the so-called

6 A quasi-polynomial time algorithm is an algorithm that runs in O(nf""Y(l"g ”)) time, where
n is the size of the input and poly(log n) is a fixed polynomial in log 7. DTIME (n¥(187))
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label cover problem is used.

Definition 21 (Label Cover) Given a bipartite graph G = (V,W, E) with E C
V x W, labels in sets B and D, and a set Il C E x B X D, a labeling of G
consists of functions P -V — 2B and Q : W — 2P which assign labels to the
nodes in the graph. The cost of this labeling is " ,cy |P(v)|. An edge e = (v, w)
is covered if both P(v) and Q(w) are not empty and for all d € Q(w) there exists
some b € P(v) with (e,b,d) € I A total cover of G is a labeling such that each
edge is covered. The goal for the optimization version of the label cover problem is
to find a total cover with minimum cost.

For the label cover problem the following result holds, showing that it is almost
NP-hard to obtain weak approximations.

Theorem 22 [2,23] For every fixed € > 0 there exists a quasi-polynomial time
reduction from the SAT problem to the label cover problem which maps an instance
@ of size n to an instance (G,11) of size” N < 2P°W(18) vwith the following prop-
erties:

e [f y is satisfiable then (G, 11) has a total cover with cost |V|.

e If ¢ is not satisfiable then every total cover has a cost of at least 218" N|V/|.

e Furthermore, in both cases (G, 11) satisfies the property that, for each edge e =
(v,w) and b € B, at most one d € D exists with (e, b,d) € IL

Using this Theorem and ideas of Arora et.al. [2] we can prove the following theo-
rem.

Theorem 23 Assume that we are given a layered (n,ny,no, . ..,ny) H-net (where
ny is fixed and n is the varying input dimension) where the thresholds of all the
neurons in the first hidden layer are fixed to 0 and let € > 0 be any given constant.
If the problem of approximating minimum failure ratio my while learning in the
presence of errors for this architecture within a factor < 216" n e be solved in
polynomial time, then NP C DTIME (nP°v{°gn)),

PROOF. We can assume that A~ > 0 since otherwise the result is already proven
in [2]. Assume that we are given a formula ¢ of the SAT problem of size o. We
transform ¢ with the given constant € to an instance (G, IT) of the label cover prob-
lem of size /N with the properties as described in Theorem 22 for this €.

refers to the class of problems that can be solved by a deterministic Turing machine in
quasi-polynomial time. More information about these and related topics is available in any
standard textbook in structural complexity theory, such as [5,15].

7 We omit any precise definition of the size of an instance ¢ of the SAT problem and the
size of an instance (G, IT) of the label cover problem, since those will not be necessary.
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First, following the same approach as in [2], we delete all (e = (v,w),b,d) in
IT such that for some edge €’ incident to v no d’ exists with (e’,b,d’) € II. The
remaining labels are called valid labels. The cost of a total cover still remains |V| if
 is satisfiable (since the label cover in such a case uses only 1 label for a vertex).
Otherwise, if ¢ is not satisfiable, then this deletion can only increase the cost of a
total cover. After these deletions, by Theorem 22, for each e € E and b € B there
exists a unique d = d(e, b) € D such that (e, b, d) € II. We can assume that a total
cover exists, since this can be easily checked in polynomial time.

Now transform this instance to an instance of the loading problem. The input di-
mensionisn =z + 2+ ny + 1 where z = |V||B| + |W||D|, E C V x W are the
edges, and B and D are the labels. By the results in [2] (see Theorem 7, Lemma 9
and Theorem 13 of [2]) N > |E|(1+ |D|) + |V||B| > = + 3 (with | E| > 3) Hence
n < ny; + N.Let m = max{|B|,|D|} and K = |B||E| for notational simplicity.
The following examples from Q" x {0, 1} are constructed: (the first z components
are successively identified with the tuples in V' X B and W x D and denoted via
the corresponding indices.)

(I) K copies of the points (02*2,p,, 1;0) (@ > 1), (0**2 py, 1;1), (0212 2;,1; 1),
(0%+2, 2z;,1; 0), where the points p;, Z;, z; are the same points as in the proof of
Theorem 20.

(II) K copies of (01, 1,0,0™+1;1),

(III) K copies of (0%, 1/(16m?),1,0™**; 1) and (0%, —1/(16m?),1,0™*; 0),

(IV) K copies of each of (e,, —1,1,0m*!;1), (e,, —1,1,0"T: 1), where e, is 1
precisely at those places (v, b) such that b is a valid label for v and 0 otherwise,
and e,, is 1 precisely at the places (w, d) suchthatd € D (v € V,w € W).

(V) K copies of each of (—e,_yy.4,1,1,0™ %1 1), where —e, 4 is —1 precisely
at those places (v, b) such that b is a valid label for v and d is not assigned to
(v — w, b) and at the place (w, d) and 0 otherwise (v — w € F).

(VI) (—e,p,0,1,0"%1; 1), where —e, 5 is —1 precisely at those places (v, b) such
that b is a valid label for v.

We now prove the following two claims:

(a) If a total cover with cost |V| exists, then the number of misclassified points in
an optimum solution of the loading problem is at most |V'|.

(b) The number of misclassified points in any optimum solution of the loading
problem is at least C, the minimum possible cost of a total cover.

Assuming both (a) and (b) are true, we can complete the proof of our theorem
easily as follows. Given an instance ¢ of the SAT problem, we can transform this
instance in quasi-polynomial time to an instance of the label cover problem for the
given € and then to an instance of the loading problem as shown above such that
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the following holds:

e if @ is satisfiable, then the loading problem has a solution with |V'| misclassifi-
cations,

e if ¢ is not satisfiable, then every solution of the loading problem misclassifies at
least 208°° 7 N |}/ | > 2log”*~“(n=n1)|\/| points.

Assume, for the sake of contradiction, that we can approximate the minimum fail-
ure ratio of the loading problem within a factor smaller than 218" “(=n1)|y/|
Then, we can decide in quasi-polynomial time, given an approximate solution of the
loading problem, whether the loading problem has a solution with |V'| misclassifi-
cation, or whether alternatively every solution of the loading problem has at least
9l0g”*™“(n-m1) || misclassifications. This means that we would then know if ¢ is
satisfiable or not, thereby solving the SAT problem, an NP-hard problem, in quasi-
polynomial time. Since this holds for every € > 0 and 2'08"" """ < 9log”*™*(n—n1)
for large n, the result as stated in the theorem follows.

The remainder of this proof is devoted to proving the claims (a) and (b) above.
First, we prove claim (a). Assume that a label cover with costs |V/| exists. Define
the weights for the neurons in the first computation layer by wg, ) = 1 <= bis
assigned to v, Wy,g) = 1 <= dis assigned to w, wyy1 = 1, wyyo = 1/(32m?).
The remaining coefficients of the *" neuron in the first hidden layer are defined by:
Wyi2+i = 1, the remaining coefficients are 0. The neurons in other layers compute
the function € — x; A ... A z; A ... of their inputs x;. This maps all points but at
most |V| points in (VI) to correct outputs. Note that the points in (V) are correct
since each v is assigned precisely one b. This concludes the proof of (a).

Now we prove (b). Assume that a solution of the loading problem is given. We
show that it has a number of misclassified points which is at least the cost C' of an
optimum total cover. Assume for the sake of contradiction that less than C' points
are classified incorrectly. Since a cover has a cost at most K we can assume that all
points with multiplicities are classified correctly. Because of the same reasoning as
in Theorem 20 we can assume that the activation of every neuron is different from
0 on the training set. Additionally, we can assume that the output of the circuit has
the form B4 (w, x) = fi(x)A...A f,, (x) where f; is the function computed by the
i*h neuron in the first hidden layer, because of the points in (I). Hence all neurons
in the first hidden layer classify all positive examples except less than C' points of
(V) correctly and there exists one neuron in the first hidden layer which classifies
the negative example in (III) correctly as well.

Denote by w the weights of this neuron. Because of (II), w|z 41 > 0. Label the
node v with those valid labels b such that the inequality w,p > wgi1/(4m?)
holds. Label the node w with those labels d such that w4y > wa41/(2m).

If this labeling forms a total cover, then we find for all b assigned to v in (VI) an
activation smaller than —wy 1 /(4m?) + wy 9. Due to (), wy,o < 1/(16m?) -
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w,1, hence the activation is smaller than 0 and leads to a number of misclassified
points which is at least C.

Assume otherwise that this labeling does not form a total cover. Then some v or w
is not labeled, or for some label d for w and edge v — w no b is assigned to v with
(v = w,b,d) € II. Due to (IV) we find 3, 4 0 W(w,6) — Wat1 + W2 > 0, hence
together with (ITD) -, o0 Weo,b) > Wat1 — Wat1/(16m?), hence at least one wy,p)
is of size at least w,.1/(2m). In the same way we find 3 4 W(w,d) —Wa1+Wer2 > 0,
hence at least one w(y q) is of size at least w,1/(2m). Consequently, each node is
assigned some label. Assume that the node w is assigned some d such that the edge
v — w is not covered. Hence w(y,q) > We41/(2m). Due to the points in (V) we
find that the inequality — >_, v rorv. ao  w.5) 2 ¢ W,b) ~ Ww,d) T Wat1 + Way2 > 0
holds and due to (IV) we find 3=, 400 W(w,b) — Wat1 + Wetr2 > 0, hence we can
conclude: 3, iatorv. o = w,0) = a W(wb) > Wat1 —Wrt2 = D waidtor v, d(o — w, ) 2 d W(vp) >
Wyl — Wyt + Wwd) — Werl — Werz = Wwd) — 2Wep2 > Wey1(1/(2m) —
1/(8m?)) > wyy1/(4m). Hence at least one weight corresponding to a label which
can be used to cover this edge is of size at least wy1/(4m?). This concludes the
proof of (b). O

5 Conclusion and open questions

We have shown the NP-hardness of finding approximate solutions for the loading
problem in several different situations. They can be seen as generalizations of the
classical result of [9] to more realistic situations. We have considered the question
as to whether approximating relative error within a constant factor is NP-complete.
Compared to [4] we considered the (n, 2, 1)-network with the sigmoidal (with e-
separation) or the semilinear activation function. Furthermore, we discussed how
to avoid training using multiple copies of the example in the NP-hardness results.
We also considered the case where the number of examples is correlated to the
number of hidden neurons. Investigating the problem of minimizing the failure ratio
in the presence of errors yields NP-hardness within every constant factor ¢ > 1 for
multilayer threshold networks (with a fixed number of neurons in the first hidden
layer and all thresholds in the first hidden layer fixed to 0). Assuming stronger
conjectures in complexity theory, we established that even weak approximations
cannot be obtained in the same situation.

Several problems still remain open in this context, some of which are unsolved even
if we ask the existence of an exact solution instead of an approximate solution:

(1) What is the complexity of training multilayer threshold networks if restricted
to binary examples? In [9], the NP-completeness for the (n, 2, 1) architecture
with binary examples is shown. For more hidden neurons this is unsolved if
only one output neuron is present. Some work for multilayered architectures
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can be found in [28].

What is the complexity of training (n, ny, 1) networks with the sigmoidal ac-
tivation function in the hidden neurons? [19,35] show some situations to be
NP-hard; however, they consider networks which are used for interpolation
instead of classification, i.e., the quadratic error is to be minimized. Since
classification is an easier task NP-hardness seems more difficult to prove.

For which classes of activation functions can the result for the sigmoidal case
still hold? Actually, we only use some properties of the sigmoid, such as the
fact, that it is continuously differentiable, monotonous, symmetric, bounded,
and that in case 2 in the proof the set of points classified positive is convex.
What is the complexity of finding an approximate solution if the number of
examples is restricted with respect to the number of neurons in the hidden
layers? We obtained one result in this context, but only with error bounds
which depend on the number of hidden neurons.

Can a general argument be found which will show the validity of the NP-
hardness results for examples without multiplicities? We used a step by step
analysis.

What are the characteristics of a set of examples for which loading is NP-hard?
It is well known that pairwise orthogonal training examples can be classified
correctly even without hidden neurons. Can, for example, an example set with
limited correlation of the points, i.e. bounded values |zix;|/(|z;||z;|) < C
for all pattern x; # x; and some constant C, be loaded efficiently? Some
investigation concerning this topic can be found in [30]. The authors in [8]
show that the situation of [9] changes if the input examples come from a spe-
cific (realistic) input distribution; then training is possible in polynomial time.
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APPENDIX

A Proof of Theorem 8:

The proof is via Corollary 7 by giving a reduction from the MAX-k-cut problem,
with k = n; and |Py| = 2™ + 2n? + 2n; + 1, that satisfies the properties (i) and
(ii). By Theorem 3 we may assume that e = 1/(34(k — 1)) for the proof of p.

The reduction is as follows. An instance graph I; = (V, E) of the MAX-n;-cut
problem is mapped to the following set I of examples in Q" x {0,1} with n =
\V|+ny +1:

e The set of special points P, (together with their labeling) are the points:

(05 1)

- (0!, p,, 1;0) for all vectors p; € {—1,1}™\(1,...,1)

- (01, py, 1; 1) where py = {1}™

-0V, 2;,1;1) fori = 1, ..., ny(ny + 1) and (0], 2;,1;0) fori = 1, ...,
ni(n; + 1), where the points Z; and z; are constructed as follows: Choose
n1 + 1 points in each set H; = {x = (z1,72,...,%n,) € Q" | z; = 0,Vj #
1Ty > 0}, denote the points by 21, 25, ... and the entire set of points by
Z. The points are chosen such that the following property holds: any given
ny + 1 different points in Z lie on one hyperplane if and only if they are
contained in one H;. Such points exist as shown in [26]. For z; € H; de-
fine 2]' € in by éj = (Zjl; e Zjim1 € Bjigly - - - Zjnl): and Zj € in by
Zj = (Zj1,- -, Zji—1, —€, Zji+1, - - - , Zjn, ), fOr some small value e which is cho-
sen such that the following property holds: if one hyperplane in R™ separates
at least ny; + 1 pairs (2;, 2;), these pairs coincide with the n; + 1 pairs cor-
responding to the n; 4+ 1 points in some H;, and the separating hyperplane
nearly coincides with the hyperplane through H;. It is shown in [26] that an
appropriate € can be computed depending on the points z;.

The role of the points z; and Z; is to enforce that in any network classifying
these points correctly the neurons in the first hidden layer nearly coincide with
the hyperplanes through H;. As a consequence, the points p, are mapped to
the entire set {0, 1} in the first hidden layer by such a network and therefore
determine the function which the remainder of the network computes.

e e¢; € {0,1}" is the *" unit vector (for 1 < ¢ < |V|). The corresponding d;
examples for each e; are (e;; 0).

e e;; € {0,1}" is a vector with 1 at positions ¢ and j from left and 0 otherwise.
The corresponding example is (e;;; 1).

We first establish property (i) as required by Theorem 6. Given an optimum solution
of the MAX-n;-cut problem, we choose the threshold of the i*® neuron in the first
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hidden layer as 0.5 and the weights as (a1, ..., ayy,€;, —0.5) where

—1 the node v; is contained in the it cut
a; =
J .
1 otherwise

and e; is the 7*" unit vector. All other neurons compute the function € — z; A ... A
x; A ... of their inputs. This maps all points correctly except for the points T = e;;
for which the edge (v;, v;) is monochromatic.

Assume conversely that an optimum solution of the loading problem is given. Since
we have constructed a solution without errors on Py, every optimum solution or
solution with relative error smaller than p classifies P, correctly. After changing
the thresholds if necessary, we can assume that no point in the training set leads
to an activation of exactly 0 for one of the neurons. It is sufficient to increase each
threshold by |d|/4, d being the maximum negative activation of the (finite set of)
different inputs to this neuron.

Consider the n; hyperplanes defined by {& € R™ | £;(0/V], 2, 1) = 0} where f; is
the output of the *" neuron in the first hidden layer. Because the points (01!, 2;,1)
and (O|V|, Z;, 1) are classified differently for each 7, the points Z; and 2; lie on differ-
ent sides of at least one of these hyperplanes. Hence the hyperplanes nearly coincide
with the hyperplanes through H; used in the construction. The points (01!, p;, 1)
are mapped to the entire set {0, 1}™ by (f1,..., fn,)- Since H(z) = 1 — H(—z) for
x # 0 we can assume, after a standard weight change if necessary, that the point
0Vl py, 1) is mapped to 1 by all neurons in the first hidden layer. Because of the
classification of the points (0! p,, 1) the remaining part of the network necessar-
ily computes the logical function AND, that is, B4 (w,x) = fi(z) A ... A f, ()
holds for every & and the network function 34(w, _). Enlarging the respective ‘"
weight in any neuron in the first hidden layer if necessary, such that the sum of this
weight and the threshold is at least 0, we can obtain a solution of at least the same
quality where the point e; is classified correctly for any 7.

Now we define a solution of the MAX-k-cut problem by setting the :*" cut {v; €
V| filej) = 0,Vk < i fr(e;) # 0} where f; denotes the function computed by
the 5" neuron in the first hidden layer as before. Note that for every e; at least one
neuron with activation 0 exists. Assume an edge (v;, v;) is monochromatic. Con-
sequently, the output of at least one neuron, say hidden neuron A, is zero for both
e; and e;. Because of the classification of the origin the threshold of this neuron
is positive, i.e. e;; has the output 0 for neuron A, too, and is classified incorrectly.
Hence, property (i) is established.

In order to establish property (ii) of Theorem 6 define 75 as follows. Given a so-
lution of the loading problem which classifies Py correctly we have already seen
how to compute in polynomial time, by changing the signs of some weights if nec-
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essary, an equivalent solution such that the origin is mapped to 1 by all neurons
in the first hidden layer. The node v; is contained in the * cut if e; is mapped
to 0 by the i*® neuron in the first hidden layer, but to 1 by neurons 1, ..., 7 — 1.
All nodes v; where e; is mapped to 1 by all neurons in the first hidden layer are
contained in the first cut. Since F is correctly classified the network function is of
the form Ba(w,z) = fi(z) A ... A fa,(x), fi; being the output of the 7** hidden
neuron in the first hidden layer. Hence every monochromatic edge for which e; and
e; are correctly classified and hence some f;; or f;;, respectively, yield 0, leads to
a incorrectly classified e;; because of the classification of the origin.

The algorithms 7 and 75 are polynomial time since n; is a constant. O

B Proof of Theorem 12:

The proof is via Theorem 6. An instance graph I; = (V, E) of the MAX-2-cut
problem is mapped to the following set of examples in Q" x {0, 1} withn = |V |+6:

e The set of special points F, together with their labeling is as follows:
0V1,1,0,0,0,0,0;0)

0™ 1) v1,0,1,0,0,0,0;0)

0v1,1,1,0,0,0,0;1)
0V1,0,1,1,0,0,0;1)

0V 0,0,0,—-1,0.5,1;1)
0v10,0,0,6,5.5,1;1)

0V1,0,0,1,0,0,0;0)
0V,1,1,1,0,0,0;0)
0"1,0,0,0,1.5,0.5,1;0)
0v1,0,0,0,-1.5,0.5,1;0)
0Vl 0,0,0,6.5,5.5,1;0)

(
( (0
( (0
( (
(0V1,0,0,0,1,0.5,1;1)  (
( (
( (
( (

0l 0,0,0,-6,5.5,1;1) (0V1,0,0,0,-6.5,5.5,1;0)

(0V1,0,0,0,0,—0.4,1;0)
e ¢; and e;; are the same vectors with the same labeling as in the sigmoidal case
(see proof of Theorem 9).

Again we want to see how a classification looks like. We consider the points & for
which

alin(a’z + ag) + Blin(b'z + by) +v =0

holds. The weights are denoted as in the proof of Theorem 9. We can assume o # 0,
B # 0,a # 0if P, is loaded correctly. If we are only interested in the geometric
form of the output of the network, we can assume, by an argument similar to what
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Fig. B.1. Points which exclude Case 3, the black points are to be mapped to 1, the white
points are to be mapped to 0. Some possible separating lines are also depicted.

was presented in Step (2) of Theorem 9, that @' + ay = z;. Considering the four
values v, v+ «, v+ 3, and v+ o+ (3 the following cases can be found for the curve
in the plane spanned by a and b. Note that because of the equality lin(z) = 1 —
lin(1 — z) we can perform similar weight changes as in the sigmoidal case without
changing the mapping. To be more precise, one can first substitute the activation
function lin by the activation function ling 5 with ling 5(x) = lin(z — 0.5), perform
exactly the same weight changes as in the sigmoidal case since ling 5 possesses the
same symmetry as sgd, and substitute ling 5 by lin, afterwards.

Case 1: All values are > 0 or all values are < 0.
Then there would exist misclassified points in F.

Case 2: Exactly one value is positive. We can assume that v > 0 by an argument
similar to Case (2) in Step (2) of Theorem 9. If a and b are parallel then the
positive region is convex and separated from the negative region by at most two
lines with normal vector parallel to a.

If @ and b are linearly independent then the positive region is separated from
the negative region by the lines defined by {x | z; < 0,b'z + by = —7/B},
{z |z, = —y/a,b'z + by < 0}, and {z | (@ + Bb)iz + Bby + v = 0}.
The positive region consists of the intersection of the three halfspaces defined by
these lines. Hence the positive region is convex and separated from the negative
region by a continuous curve with at most three linear pieces with normal vectors
parallel to a, b, or a convex combination of a and b, respectively.

Case 3: Exactly two values are positive. We can assume that y and 5+ y are pos-
itive and all other values are negative by an argument similar to Case (3) in
Step (2) of Theorem 9.

If @ and b are linearly dependent then the positive region is separated from the
negative region by up to three parallel lines. If @ and b are linearly independent
then one obtains the separating lines {x | z; = —7/a, b'@ + by < 0}, {x |z, =
(=B—7)/a, b'T+by > 1}, and {z|(ea+Bb)'z+ Bby+~ = 0}. That means that
the positive region is separated from the negative region by a C° curve consisting
of three linear pieces. Two of them have a normal vector parallel to a. Denoting
by Hy, H,, and Hj, respectively, the halfspaces defined by the points with the
weakened conditions 1 < —y/a, z; < (—=y—0)/a, or (aa+pb)' e+ Bby+v >
0, respectively, the positive region lies in the set H;U(H,NH3) or (H1NHy)UH;
depending on the sign of .
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Case 4: Three values are > 0 and one value is < (0. This case is dual to Case 2.
We obtain the possible forms by changing the output sign, i.e. the positive and
negative region.

Next we show that only Case 2 can take place if P is classified correctly.

Obviously, Case 1 cannot take place. Case 4 is excluded by the points which are
nonvanishing in dimension |V'| + 1 to [V| + 3: we need three separating planes
which must have normal vectors with signs (+,+,—), (—, +,+), or (—, —, +),
respectively, in order to separate the positive points. But this cannot be the case if
one of the vectors is a convex combination of the other two vectors.

Case 3 can be excluded by the points with nonvanishing coefficients in the last but
one and last but two components (see Fig. B.1). The points are separated by a C°
curve consisting of 3 linear pieces two of which are parallel. One line must separate
two of the pairs (p1,p2), (P3,P4), (Ps,D6), and (p7, pg), without loss of generality,
say the first two pairs. This line cannot separate another pair or the point pg because
the line through p; and p, intersects the axes at (0, —0.409). Since a parallel line
cannot separate both other pairs we find that the two other pieces separate py and
(ps, ps), or (pr, pg), respectively, the latter being parallel to the first line. But since
the pair (p7, ps) lies on the same side of the second line as (p1, p2), we find that the
positive part would be contained in the intersection of the respective halfspaces.

Hence every classification which maps Py correctly is of Case 2.
Now we show that the correspondence demanded in property (i) of Theorem 6

holds. An optimum solution of the MAX-2-cut problem leads to a solution with
weightsa = 8= —1,7 = 0.5, a9 = —0.5, by = —0.5,

a=(a,...,a,,1,—1,1,0.5,—-0.5,0.625),
b= (b,... by, —1,1,—1,-0.5,-0.5,0.625),

where
1 if v; is in the first cut
a; =
—2 otherwise
and
; 1 if v; is in the second cut
Z' =

—2 otherwise
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Fig. B.2. Classification in Case 2. The black points are to be mapped to 0, the white points
are to be mapped to 1. Possible separating lines are also depicted.

With these weights at most the points e;; corresponding to monochromatic edges
are misclassified.

Assume conversely that we are given an optimum solution of the loading problem.
This solution classifies F; correctly. Hence the classification is of Case 2. Without
loss of generality, assume that v > 0 (computing the appropriate weight changes
in polynomial time, if necessary) and all points e; are correctly classified (decrease
the th weight in every neuron, if necessary, such that the sum of the weight and the
respective threshold is < 0). Define a solution of the MAX-2-cut problem such that
exactly those nodes v; are in the first cut where a; > 0. Now it needs to be shown
that any edge (v;, v;) for which e;; is classified correctly is bichromatic. Assume
for the sake of contradiction that this is not the case. Then we find in the dimensions
17 and j the situation depicted in Fig. B.2 where the positive region is convex and
either separated from the negative region by two parallel lines with normal vector
a or by three lines with normal vector a, b, and a convex combination of a and b.
A line separating e; or e;, respectively, has necessarily a normal vector with two
different signs and a negative i'® or j* component, respectively. If @ had two equal
signs the separating lines could not contain two lines with these properties.

Finally, property (ii) of Theorem 6 can be shown: given a weight setting such that
P, is classified correctly we can assume that Case 2 takes place and hence v > 0.
Define a solution of the MAX-2-cut problem where v; is in the first cut if and only
if a; > 0. If (v;, v;) is monochromatic e;, e;, or e;; is misclassified which can be
shown using the same argument as before. O

C Proof of Theorem 13:

The proof is analogous to Theorem 6. We obtain the following inequality, for an
optimum solution with value opt(/;) of an instance I; of the MAX-k-cut problem
and an optimum solution with value opt(75) of an instance I5 of the corresponding
loading problem, because of (i’):
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3|Elpo + 5| E| + |Elopt(]1)

opt(l,) <
pille) < T e 7 6/

k
<5 10Pt(11) :

Hence « can be chosen as k/(k — 1). Any approximate solution of I, with relative
error of co smaller than a = (k — 1)/(k?(3po + 6)) classifies at least one point of
each set {p’ | 1} of the special points P, correctly because otherwise

3|E|(po — 1) + 6| E]|
~  3|E[po+6|E]|
_pot+1
Cpo+2

Co

< (1 —a)opt(1)

fora < ((3—2/k)py +6 — 4/k)/((po + 2)(3po + 6 — 2/k)) because opt(l5) >
(3|E|po + 4|E| + 2[E|(1 — 1/k))/ (3| E|po + 6|E|). The above inequality cannot
hold due to the definition of the relative error. If at least one p* of each set in P, is
correct we obtain because of (ii’), ¢; and ¢y denoting the cost of a solution of I; or
15, respectively:

3|E||Po| + 6| E]
|E|

opt(f1) — ¢ < (opt(12) — c2) -

Hence the NP-hardness of approximate loading follows. 0O

D Proof of Corollary 14:

A reduction from the MAX-k-cut problem as stated in Theorem 13 would show
that approximate loading is NP-hard within relative error 1/(34k(3|P,| + 6)) for
k> 2.

The arguments in the theorems in previous sections can be transferred to this new
settings. Note that the origin is used in Theorems 8, 9, and 12 for two different
purposes: regarded as a point in F; it is used to exclude certain geometrical situa-
tions and, additionally, it is used for every edge (v;, v;) in the graph to guarantee
the correspondence of bichromatic edges (v;, v;) and correctly classified points e;;.
Making this latter role explicit we introduced o;;.

Note that we constructed explicit weights such that only examples corresponding
to monochromatic edges (v;, v;) were misclassified. The output activation allows a
slight change in every case because it was not exactly 0 in the threshold or semi-
linear case and of absolute value larger than € in the sigmoidal case. Furthermore,
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no activation was exactly 0 in the threshold case even for the other neurons in the
hidden layer. Hence the continuity of the network function allows us to find some
0 such that the classifications of the respective points do not change if they are
substituted by any point contained in the open ball of radius § whose center is the
respective point. Note that 6 does not depend on the specific instance in all cases.

Hence for every modification of the training set such that the points p¥ lie in a
small neighborhood of p;, e¥ lie in a small neighborhood of e;, and 0;; lie in a
small neighborhood of the origin we can find a solution of the same quality as
before.

Next we show that every point p € F, in the respective solutions can be substituted
by any point in an appropriate set such that the same geometrical situations are
excluded:

e In Theorem 8 the point Z; = (2j1, . - -, Zji—1, €, Zjit+1, - - - , Zjn; ) Can be substituted
by (21, - -, Zji—1, €, Zjit1, - - -, Zjn, ) and the point Z; € Q™ can be substituted
by (2j1, .-+, Zji—1, —€; Zjit1, - - - » Zjny ) fOr some 0 < €' < e which can be chosen

independently for each pattern; we can substitute (0!, p;, 1; y) by (0], p!, 1; )

where p) is any point in a neighborhood of p, depending on e. Still the points

obtained from 2z, and Z; guarantee that the neurons in the first hidden layer

nearly coincide with the hyperplanes H; used in the construction, the points p’;

determine the remainder of the network to compute the logical function AND.

e We can substitute the points in Theorem 9 as follows:

- (01,0,0,0,—0.5,0.5; 1) by (0"1,0,0,0, —0.5 — ¢,0.5; 1),
(0V1,0,0,0,0.5,0.5; 1) by (0V1,0,0,0,0.5 + ¢,0.5; 1),
(0V1,0,0,0,¢,¢;1) by (0V1,0,0,0,c+ €, ¢; 1),

- (0Y1,0,0,0,—c,c;1) by (0V1,0,0,0, —c — €, ¢; 1),

- (01,0,0,0,—1.5,0.5; 0) by (01,0,0,0, —1.5 + ¢, 0.5; 0),
(0V1,0,0,0,1.5,0.5;0) by (0'V1,0,0,0,1.5 — ¢,0.5; 0),

- (0,0,0,0,1+4¢,¢;0) by (0",0,0,0,1 + ¢ —¢,¢;0),

- (0",0,0,0,—1 —¢,¢;0) by (0V/,0,0,0,—1 — c+¢,¢;0).

0 < € < 0.5 is chosen independently for each vector. Case 3 is still excluded

with the same argument.

We substitute
0"1,0,0,0,0,
0V, 1,1,0,0,
0v1,0,1,1,0,

(1) 0;1)
0,0;1)

1,0,0;1)
0V,1,0,0,0,0;0)
0,0, 0;0)
1,0,0;0)

0,0;0)

2)
3)
“4)

7
b

5) (0V1,0,1,0,0,

6) (0V1,0,0,1,0,

7 (0V,1,1,1,
by the points

(D) (0", ¢,€,€,0,0;1),

(2) (O‘V‘al _651 — €, 6,0,0;1), (**)

b

.~~~ o~~~

)
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(3) (0V, 6,1 —€,1—¢,0,0;1),

4) (0V1,1 4 0.5¢1, —€1, —0.5€1, 0, 0; 0) (%)
and (01,1 4 €5, —0.5¢5, —0.5¢2, 0, 0; 0),
(5) (0V', —€1,1+0.5¢1, —0.5¢1,0,0; 0), (%)

(0!, —0.5€2, 1 + €2, —0.5¢3, 0, 0; 0),
and (011, —0.5€3, 1 + 0.5€3, —€3, 0, 0; 0),
6) (0V, —0.5¢;, —0.5€1, 1 + €1,0,0; 0)
and (011, —0.5€5, —€a, 1 + 0.5¢2, 0, 0; 0),
(7) (0V/,1+0.5¢;,1+ 0.5¢1, 1+ ¢, 0,0;0) (%)
and (0IV1 1 + €5, 1+ 0.5€5, 1 + 0.5¢5, 0, 0; 0),
where 0 < €, €1, €9, €3 < 0.5 are chosen independently for each point. Note that
some points are substituted by two or three sets, respectively, corresponding to
their different role to exclude Case 4. For example, the points (x) form a triangle
enforcing the following: if the point (xx) is to be separated by any hyperplane
from this triangle then the normal vector of the hyperplane has necessarily the
signs (+, +,+). Analogous triangles can be found for the other two positive
points and hence Case 4 is excluded.
e In Theorem 12 the same substitutions can be performed for the points to exclude
Case 4. The points to exclude Case 3 become
- (0Y,0,0,0,1+¢,0.5,1;1)
(0V1,0,0,0,1.5 — ¢,0.5, 1; 0)
(0V1,0,0,0,—1 —¢,0.5,1; 1)
- (0"1,0,0,0, —1.5+¢,0.5,1;0)
- (0,0,0,0,6 +¢,5.5,1; 1)
(0Y1,0,0,0,6.5 — ¢,5.5,1;0)
(0V,0,0,0,—6 —¢,5.5,1; 1)
- (01,0,0,0,—6.5 + ¢,5.5,1;0)
- (0,0,0,0,0, 0.4+ ¢,1;0)
for some 0 < € < 0.2 chosen independently for each point.
Hence the points can be substituted by points in appropriate line segments which
are to be intersected with the regions in which the classification of the optimum
solutions constructed above does not change. Since the number of points and their
multiplicities are polynomial, appropriate coefficients of the substituting points can
be computed in polynomial time.

Define the points 0;; together with their labeling by

0,...,0,—¢,0,...,0,—¢,0,...;1)

with nonzero coefficients at positions i and j, and substitute e; by points ef (k €
{1,...,d;}) which together with their labeling are

0,...,0,1—¢,0,...,0,...;0)
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where 0 < e < 0.5 can be chosen independently for each point. The points have
the following property:

(%) The normal vector of any line separating e¥ or e? from o;; and e;; has signs
(4, —) or (—, +), respectively, in dimensions 7 and j.

Hence we can establish properties (i’) and (ii’) as follows. An optimum solution of
an instance of the MAX-k-cut problem gives rise to a solution of the correspond-
ing instance of the loading problem where at most the points e;; corresponding to
monochromatic edges are misclassified for small parameters e. Conversely, any op-
timum solution of the loading problem classifies for each i at least one p¥ correct
and hence the same geometrical situations as before take place. Furthermore, we
can assume that for each 7 at least one e¥ is correct, otherwise a weight change
(which is computable in polynomial time) would lead to a solution of at least the
same quality and all ef correct. Without loss of generality, v > 0 if we adapt the
proof of Theorems 9 and 12; or the second part of the network computes the logical
function (z1,...,%,,) = 1 A ... A x,, of its inputs z; if we adapt the proof of
Theorem 8. We can define the j*® cut via {v; | the j' neuron in the first hidden
layer maps e’ to 0 and v; is not in the 1%, ..., (j — 1)** cut }, putting all remaining
nodes in the first cut if we adapt the proof of Theorem 8. We can define the first
cut via {v; | a; > 0} if we adapt the proofs in Theorems 9 and 12. At most those
edges (v;,v;) are monochromatic where either e;; or o;; is misclassified because
only one hyperplane cannot separate both e;; and o;; from e¥ and ef in Theorem 8
or because of (%) in Theorems 9 and 12. Hence Property (i’) holds. Property (ii’)
follows in the same way. O
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